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Abstract

Elastic deformations beyond the range of the classical infinitesimal theory of

elasticity are governed by highly non-linear partial differential equations. Usually
conventional methods of solution are inapplicable and accordingly only a few exact

solutions are known. In this thesis, for some special classes of deformations and fo
some special materials, we obtain new exact solutions which we apply to certain
stress boundary value problems.
For perfectly elastic rubber-like materials undergoing large elastic deformations,

the non-symmetrical inflation and eversion of circular cylindrical rubber tubes is e
amined for a family of strain-energy functions, which includes the neo-Hookean and
Varga materials as special cases. For both inflation and eversion, new exact solu-

tions are discovered. The exact solutions for inflation are applied to the problem o
the lateral compression of a hollow rubber tube. For this problem approximate loaddeflection relations are obtained and from the limited experimental evidence that
is available, they appear to provide reasonable agreement of actual load-deflection
curves. The exact solutions corresponding to eversion are examined in the context

of the problem of plane strain bending of a sector of a circular cylindrical tube. T
distinct finite elastic exact plane eversion deformations for the Mooney and Varga
materials are applied to the problem. By assigning certain resultant forces and mo-

ments it is shown that various constants arising in the solution m a y be determined
and a number of numerical examples are given. Each of the above deformations are
rendered as approximate solutions of stress boundary value problems. These solu-

tions are approximate in the sense that the pointwise vanishing of the stress vecto
on a free surface is assumed to be replaceable by the vanishing force and moment
resultants.
Finally, for a certain family of non-symmetrical plane strain deformations for
hyperelastic materials, we determine every strain-energy function which gives rise

to a non-trivial deformation of this type. Previously obtained solutions, such as f

the Mooney material and new solutions as obtained in this thesis for special strain
energy functions, are all shown to be deduced from a general formulation. In fact
we demonstrate that for physically meaningful response functions, no further exact
solutions of this type exist other than the new exact solutions determined in this
thesis.
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Chapter 1

Introduction

1.1 Background

In the last sixty years or so a resurgence of interest in the fundamental aspects of
non-linear continuum mechanics has led to extensive developments in the area. The
most significant of these advances has been Rivlin's exact solutions [3, 42, 43, 46,
on isotropic incompressible elastic materials. These solutions provide substantial
insight into the physical behaviour of rubber-like materials and lead to significant
theoretical results that agree with experimental data [47].
Most of Rivlin's solutions are universal deformations, that is, controllable deformations that are possible in every compressible or incompressible, isotropic elastic
material. This thesis examines deformations of isotropic incompressible elastic materials that are not universal but are controllable under certain circumstances, that
1
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is they satisfy the equilibrium equations in absence of body force. These solutions
are called partial solutions [12] and refer to exact mathematical solutions of the

governing equations of finite elasticity that only apply to a particular strain-en
function. The governing partial differential equations for static deformations of

mogeneous isotropic incompressible perfectly elastic materials are highly non-line
and accordingly only a few exact solutions are known.
Exact solutions of the equilibrium equations for the incompressible Mooney material are given in Adkins [2] and Klingbeil and Shield [36]. Adkins studied plane
deformations of the form

x = f(X), y = g(X)Y + h(X), z = Z, (1.1)

where (X, Y, Z) and (x,y,z) are respectively, material and spatial rectangular car
sian coordinates and demonstrated that solutions could be written in terms of
trigonometric and hyperbolic functions. Klingbeil and Shield on the other hand,
investigated axially symmetric deformations of the form

r = Rf(Z), 0 = 6, z = g(Z), (1.2)

where (R, 0, Z) and (r, 9, z) are respectively, material and spatial cylindrical p
coordinates. It was found that solutions could be expressed in terms of elliptic
functions for the Mooney material, whilst for the neo-Hookean material and the
extreme-Mooney material given by (2.5) with C\ — 0, solutions can once again be
given in terms of trigonometric and hyperbolic functions.
Klingbeil and Shield [36] were the first to realize that certain deformations de-

Chapterl. Introduction

3

picted approximate solutions of mixed boundary value problems in finite elasticity
and consequently were the first to describe approximately the compression and ten-

sion of long rubber blocks and circular cylindrical pads of rubber. These approxima

solutions satisfy exactly both the equations of equilibrium and the condition of in-

compressibility, yet are considered to be approximate in the sense that the boundary

conditions of stress are not satisfied in a pointwise fashion but in a mean or inte
manner. In [36] the boundary condition of zero surface traction is assumed to be
replaced by the requirement that resultant forces and moments vanish for every elemental area of the surface. Such approximate procedures do in fact model accurately

the actual behaviour of the rubber as in a practical context the applied compressing
forces are generally so large that to a certain extent they counterbalance whatever
may be occurring at the free surfaces of the rubber.
Hill [22, 23] derived reduced forms of the equilibrium equations for both plane
and axially symmetric deformations of isotropic incompressible elastic materials.
For the plane deformation case, new solutions in [22] for the Mooney material arose
which led to the deformation

x = f{R), y = g(R)e + h(R), z = XZ, (1.3)

where /, g and h are functions of R only. These new solutions were then rendered
as approximate solutions of the plane straightening and stretching of a sector of
a circular cylindrical tube. Similarly, for the axially symmetric deformations the
reduced equilibrium equations admitted exact solutions for the neo-Hookean and
the extreme-Mooney materials in terms of Bessel functions of order zero but for
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the Mooney material no such simple solutions were deduced. In [23], for the neo-

Hookean material these solutions were used to describe the large axially symmetri

radial stretching of a circular disc containing a concentric circular hole, assum
deformation of the form

r = f(R), 0 = 6, z = g(R)Z + h(R), (1.4)

where /, g and h denote arbitrary functions to be determined by the equilibrium

equations and the incompressibility condition. In fact, the deformation (1.4) was
shown to be the most general axially symmetric deformation of an incompressible

material consistent with the assumption r = f(R). However, for the general three-

dimensional deformation given in Hill [24] there are no significant reductions to

equilibrium equations unless the deformation and its inverse are used. If these a

employed then the equilibrium equations can be expressed in a reciprocal form for

which Shield's [49] inverse deformation results can be deduced. From these recipr

equations for example, inverse deformations can be obtained for the general three
dimensional deformation

x

= /(#),

y

= g(R) cos6 + h(R), z = l(R)$ + m(R) cos6 + n(R), (1.5)

where (R, 6,$) and (x,y,z) respectively, are material and spatial spherical polar

coordinates and /, g, h, I, m and n are all functions of R only. In Hill [24], ex
three-dimensional solutions for the neo-Hookean and the extreme-Mooney materials

for the deformation (1.5) are given. Details are also given regarding approximate

solutions for the flattening, straightening, stretching and shearing of a portion
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neo-Hookean spherical shell. Furthermore, for the Mooney materials Hill and Lee
[29] considered the three-dimensional deformation
x = f{R), y = g(R)Q, z = h(R)Z, (1.6)
where (R, 0, Z) and (x, y, z) respectively, are material cylindrical polar and

rectangular Cartesian coordinates and as usual /, g and h are functions of R on

For this deformation some special solutions from the governing system of couple

non-linear ordinary differential equations were determined. This led to investi
of the three-dimensional deformation
x = f(Y)X, y = g(Y), z = h(Y)Z, (1.7)

for the Mooney material which was used to obtain an approximate load-deflection

relation for the compression of a long rectangular block of rubber [31]. In the

manner, Hill and Lee [30] deduced an approximate load-deflection relation using

neo-Hookean material for the problem of the combined compression and torsion of

circular cylindrical pad of rubber by extending (1.2) and assuming the deformat
r = Rf(Z), 6 = e + h(Z), z = g(Z), (1.8)
where /, g and h are functions of Z only.
In Hill [20], a plane deformation of the form
r=[aR2 + f(e))1/2, 0 = 60 + c, z = Z, (1.9)
where /(0) is a function of 0 only and a, b and c are constants such that ab =
was examined. A new exact solution given by
/(0) = d[l+sin(26 + e)], (1.10)
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where d and e are arbitrary constants was deduced for the Mooney material. The

exact solution was exploited to formulate an approximate load-deflection relati
for the problem of a half-cylindrical cross-section which is bonded to a rigid

plate and compressed uniformly along its length by a second parallel plate (see

Figure 1.1). An important characteristic of the solution is its ability to fore

transition from a 'one-point contact' to a 'two-point contact'. The solution ha
been interpreted by Warne and Warne [55] for the problem of a non-symmetrical
cavity in a Mooney-Rivlin solid.
Hill [18] explored the general plane similarity deformation of functional form

r = Rf(aS + blogR), 9 = c0 + g(aO + b\ogR), z = Z, (1.11)

where a, b and c denote arbitrary constants. A number of new exact closed-form

solutions for the functions / and g were revealed for the neo-Hookean and Varga

materials. Note that (1.11) includes a number of special deformations including
following given by Klingbeil and Shield [37] and Singh and Pipkin [50],

r = AR, 9 = BQ + C\og(DR), z = Z, (1.12)

where A, B, C and D are constants such that A2B = 1 and D has reciprocal length

dimension. Another special case of (1.11) that has been considered by Blatz and
[7] and Wesolowski [57] is the deformation

r = Rf(0), 9 = g(e), z = Z, (1.13)

that occurs when a = 1 and 6, c = 0. Both give solutions for the neo-Hookean an

Mooney materials. The deformation (1.13) has been utilized for two applications

Chapter
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the first in [7], where it was used for the modelling of the plane-strain tangent

spreading of a radially cracked infinitely long incompressible rubber log by radially rigid bonded wedge-shaped bellows and the second for the deformations of an
incompressible elastic wedge in [57].

In three recent papers, Hill and Arrigo [5, 26, 28] investigated the plane strain,

plane stress and axially symmetric deformations of perfectly elastic incompressib

Varga [54] materials. It was shown that the governing fourth order non-linear par-

tial differential equations for all types of deformations admit certain first inte
which, together with the incompressibility condition reduce the problem to one of

second order. In fact, for plane strain deformations, there are three such integra
compared to two for both plane stress and axially symmetric deformations.
For plane finite elastic deformations there is only one known general solution
which applies to the incompressible Varga elastic material. This result was given

originally by Holden [35] and was later derived by Hill [21], who employed a varia

tional approach which provided simpler solutions than the parametric solutions of

Holden's. In [28], several new exact solutions for plane deformations for the Varg
and modified Varga materials were determined by assuming similarity solutions of
the form

x = Yf(£), V = Xg(£), £ = Xm/Y, (1.14)

V = xf(Z), Z = Y/X, (1.15)

y = /'(0,

t = Y/X.

(1.16)
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Note that (1.15) corresponds to the deformation

r=(R2G(Q) + H(B))1/2, 9 = F{G), (1.17)

in cylindrical polar coordinates. Similarly, in [28] a number of exact solution
axially symmetric deformations for the Varga and modified Varga materials were

determined from the second order governing partial differential equations assum
similarity solutions of the form

r = R2^F(Rm/Z), z = R^, i = Rm/Z, (1.18)

for which special cases of m were considered and

r = */(£), £ = R/Z. (1.19)

Other solutions were sought by assuming

r = /'(0, £ = R/Z, (1.20)

and

r=(f(R,Z)-2RZ2)1/3. (1.21)

A result given in [28], for axially symmetric deformations for the modified Var

material, was used to determine new solutions for the problem of small deformat
superimposed upon the symmetrical expansion of a spherical shell given in Hill

Arrigo [27]. In [26], a new second order system for the Varga and modified Varg

materials is obtained for plane strain deformations that can be reduced to a si
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Monge-Ampere equation and subsequently linearized to the standard Helmholtz
equation. In particular, the plane deformation

r = r(JR,0), 9 = 9{R,Q), z = Z, (1.22)

is examined for the Varga materials and can be shown to be given parametrically
by

r = (J2 + w|)1/2, 9 = -0 - tan"1 (we/w), R = ux, (1.23)

such that u\ is positive and a;(A, 0) is any solution of the linear Helmholtz eq

^AA+^ee+^ = 0, (1.24)

where subscripts denote partial derivatives. In addition to the solutions found

[28] for the deformation (1.17) a new solution for the Varga materials is derive
[26] namely,
R2

Ccos2(c1e + c2) + C3

l + Csin 2 (Ci0 + C 2 )
(1.25)

9 = -0 + tan-1{C1tan(C10 + C2)},

where C = C\ — 1, Ci, Ci and C3 denote arbitrary constants. Similarly, results

corresponding to those obtained in [26] are examined for the plane stress theory o

thin sheets and for axially symmetric deformations in Hill and Arrigo [5]. However
the results in [5] only apply to the Varga material unlike those obtained in [26,
which apply to both the Varga and modified Varga materials. In particular, it is
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shown in [5] that for the Varga material the plane stress deformation

r = r(R,G), 9 = d(R,G), z = X(R,G)Z, (1.26)

is given parametrically by (1.23), where u)X is positive and LU(X, 0) denotes any
solution of the equation

^AA + A(cjGe + u>) = 0. (1.27)

Furthermore, a new first integral of the equilibrium equations is deduced for axia
symmetric deformations for the Varga material that deals with axially symmetric
deformations of the form

r = r(R,Z), 9 = G, z = z{R,Z). (1.28)

However the resulting second order problem is unable to be linearized and so a

number of simple solutions of the second order problem are investigated (see Secti
VII and VIII of [5]).
We emphasize here that the majority of work presented in this thesis is an

extension of the ideas expressed in [36] in the sense that solutions are considere

be approximate solutions of mixed boundary value problems of finite elasticity. It

also an extension of the work done in [20] as a special case of the deformation (1

examined for a family of strain-energy functions (see Section 2.4), which incorpor
the neo-Hookean and Varga materials as well as considering a special case of n = 2
(see Section 3.2 for more details) for which a number of new exact solutions are
determined. In addition some approximate analytical solutions are derived for the
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lateral compression of a long hollow circular cylindrical rubber tube by rigid paral

plates and for the eversion of circular cylindrical rubber sectors. Finally, for a ce
family of non-symmetrical plane strain deformations for hyperelastic materials, we
show every strain-energy function that gives rise to a non-trivial solution of this
type. Existing solutions plus recently obtained solutions are all derived from a
general formulation presented here. In fact we prove no further exact solutions of
this type exist.

1.2 Overview of thesis
In this thesis we are in the main, concerned with the neo-Hookean, Mooney,
Varga and modified Varga materials as well as a material with strain-energy function similar to that proposed by Gent and Thomas [13] which we term the n = 2
material (see Section 3.2). In Chapter 2 we review some well known materials and
present the governing system of equations for plane strain deformations of isotropic
incompressible perfectly elastic materials.
In Chapter 3 we consider the plane deformation

r=(aR2 + f{Q)f'\ 9 = G, z = Z/ct, (1.29)

where /(0) is a function of 0 and a is a constant. This deformation is often used
to describe deformations of circular cylindrical rubber tubes. Note that (1.29) is a
special case of (1.9). Now, for this deformation two scenarios need to be considered.
The first scenario occurs when a is positive, corresponding to an inflation, and the
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second when a is negative, corresponding to an eversion. In particular, this chapte

contains simplified equilibrium equations for the inflation case for a family of st

energy functions such that the response function has the general form of (3.7). The
general form (3.7) includes the Mooney (n = 0), Varga (n = 1) and n = 2 materials

for which new solutions are derived from the reduced governing system of equations.
For the Mooney material this deformation has been previously studied in [20] whose
solution (1.10) was seen to only apply for a = 1. Here, we show it applies for any
both positive and negative. Secondly for the Varga material the only solution that

arises from the equilibrium equations is /(0) = const, whilst for the n = 2 materia
it turns out that a non-trivial solution for inflation occurs, namely

/(0) = dsin(20 + e), (1.30)

where d and e are abitrary constants. We show that this solution also applies to a
more general response function given by (3.35) that includes (3.7) with n = 2 as a
special case.
In Chapter 4 we consider two plane deformations for the same family of strainenergy functions as those investigated in Chapter 3. The first of these is (1.29)
when a < 0 which describes the eversion of circular cylindrical rubber tubes and
the second deformation is, namely

r = (-aR2 + f (G))1/2, 0 = TT - O, z = Z/a, (1.31)

where a is a positive constant which in turn describes the eversion of circular cyl
drical rubber sectors. Once again simplified equilibrium equations are presented
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for both deformations and in the former case a new exact solution for the Varga
materials is derived and is shown to be expressible in the parametric form

f(G) = d(cosp + S)-1, (1.32)

where p = 20 + e is a function of 0, defined by

2

tan
(S2 - 1)1/2

l

d — 1\

5+1

(p
tan\2

Q+6-,

(1.33)

with d, e and 5 > 1 being three arbitrary constants. This solution also gives rise to

the special case when 5 = 0, that was first derived by Hill and Arrigo [28] for
/(©) becomes

/(0) = dsec(20 + e). (1.34)

In contrast for the n = 2 material we reduce the problem to an integral given by

f(^f) -\ogB = 4f2B + c, (1.35)

where c is a constant of integration. So far it is not possible to simplify thi

analytically and it still remains to be done numerically. Similarly, for the la
deformation new exact solutions are determined for both the Mooney and modified
Varga materials.
Chapters 5 and 6 present a study of new approximate solutions of mixed bound-

ary value problems. They are approximate in the sense that the pointwise require
ments on the stress vector are assumed to be replaceable by requirements on the
resultant forces and moments. Approximate solutions, such as those discussed in
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this thesis can be determined for such problems as the number of independent resultant forces and moments acting on the body is equal to the number of unspecified

constants in the solution. Chapter 5 involves applications of the inflation solution
presented in Chapter 3 while Chapter 6 uses the eversion solutions of Chapter 4.

In Chapter 5 we consider the deformation (1.29) for a > 0 for both the n =
2 material and the material governed by the response function (3.35) and derive
an approximate load-deflection relation for the problem of a long hollow circular
cylindrical tube compressed between two parallel rigid metal plates. Hill presented
a similar problem in [20] where the load-deflection relation for the compression of
a half-cylindrical bonded tube between two rigid metal plates was determined. For
both these problems considerable insight is obtained as the new exact solutions

forecasts a transition from a single point contact to a double point contact which is

observed in the simplest of experiments. These theoretical load-deflection relations

based on large elastic deformations are significantly better than those obtained fr
the engineering approach of using the shape factor method because they provide
information on the pointwise variation of stresses and deformation throughout the
rubber component.

Chapter 6 examines in detail the eversion of circular cylindrical rubber sectors
using two mechanisms for the deformation (1.31). The first of these is for the
Mooney material where an approximate solution is deduced subject to the bending
eversion of a circular cylindrical sector by end couples alone. While on the other
hand, an approximate solution is derived for the modified Varga material subject
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to an applied force acting on the outer cylindrical surface. Numerical results are

given for both problems and it is found that it easier to deform thicker sectors th

thinner ones. This somewhat surprising result is due to variations in the contracti
in the z-direction.
Finally, the main purpose of Chapter 7 is to show that no further exact solutions
of the deformation (1.29) exist other than those presented in this thesis. This is
achieved by determining every strain-energy function which admits a solution for
this deformation. The derivation of all exact solutions has relied on knowing the

form of the response functions. In this chapter we do not prescribe the form of the
response functions and from the equilibrium equations we are able to formulate a
general equation. This formulation includes a previously obtained solution for the
Mooney material and all the new solutions deduced in this thesis for both eversion

and inflation as well as a new solution for a particular strain-energy function. Th
new solution

/(O) = Ke^, (1.36)

where (3 and K are abitrary constants, applies to the strain-energy whose response
function is given by

AU) _

Cl +

°2

log

(tanh M2)) (1.37)

where rj = sinh-1^/^)1/2 and £ = / - 2a for a < 0. It should be mentioned that
this solution has not yet been applied to any boundary value problem.

Chapter 2

Governing equations for perfectly
elastic materials

2.1 Introduction
This chapter summarizes the general theory necessary to study large deformations of isotropic hyperelastic materials. The reader is referred to [1, 6, 12, 22, 25,
51, 54] for a more detailed study. In the main, this thesis is restricted to the neoHookean, Mooney, Varga and modified Varga materials. Experimental results for
these materials can be found in Green and Adkins [15], Rivlin and Saunders [47]
and Hill and Arrigo [27].
In Section 2.2 w e define the basic concepts of stress and strain, and in Section
2.3 w e model the behaviour of rubber and in particular discuss the notion of stored
strain energy. In the subsequent section we present the neo-Hookean, Mooney,
17
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Varga, modified Varga and Gent and T h o m a s strain-energy functions. T h e governing

equations for static deformations of perfectly elastic materials are outlined in Sec
2.5.

2.2

Stress and Strain

Consider the deformation of a thin rod, originally of length I and cross-sectional

area A, subjected to a force F acting on its length as shown in Figure 2.1. The force

F
Figure 2.1: Deformation of a thin rod.

applied to the rod will cause a large amount of stretching. T h e same force applied
to a thicker rod would result in only a small extension. The term stress, denoted by

cr, is used to define the ratio of force to the cross-sectional area over which it ac
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thus
F
a=

A'

while the strain e is defined as the ratio of the extension d over the orginal leng
namely
d

Stress and strain are closely interrelated since strains in a body are created when

stress is applied to it. The particular function that describes the relationship be
tween a certain applied stress and the resulting strain depends on the nature of
the substance of which the body is composed. It was first noticed by Sir Robert
Hooke in 1678 that stress is proportional to strain. This result, Hooke's law, may
be written as

o = Ee,

where E is the modulus of elasticity of the material in tension and is often called
Young's modulus. Note that rubber has a very low modulus compared to other

engineering materials such as steel, copper and tin due to its ability to be easily
deformed. For many engineering materials Young's modulus in compression is very

nearly equal to that found in tension. It is well known that Hooke's law applies, f
small deformations, to all materials including rubber however the question remains

as to whether Hooke's law is applicable for large deformations of rubber-like mater

als. When materials such as metals are largely deformed they do not remain elastic.
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Figure 2.2 is a typical stress-strain curve for most materials other than rubber. A
typical example of a stress-strain diagram for rubber is given in Figure 2.3. As
shown in Figure 2.2 there is an elastic limit that is the maximum stress that may be
developed during a simple tension test such that there is no permanent or residual
deformation when the applied force is removed. The region from the origin to the

elastic limit is called the elastic range. It is this initial linear range that descr
Hooke's law. When the material is unable to return to its original state the material
is said to be plastic and is represented by zero slope.

So far, the linear relation between stress and strain (Hooke's law) which is confined to problems involving small deformations forms the basis of linear elasticity
theory. In contrast non-linear elasticity theory deals with conditions where Hooke's

plastic region

^ L
elastic limit

S"^

/ ^ Hooke's law

Figure 2.2: Typical stress-strain curve for most materials but not rubber.
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Figure 2.3: Typical stress-strain curve for rubber.
law does not apply, either due to the nature of the material or because of large
strains.

2.3 Modelling the behaviour of rubber

Engineers need to know precisely how a rubber component will deform when
certain applied loads are used. To be able to predict, theoretically, the behaviour
of such rubber components under certain applied loads we need to make some specific idealised assumptions concerning the physical nature of rubber. The principal
assumptions are:

• Perfect elasticity - the ability of the rubber to deform under a load and when
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the load is removed to resume, completely or almost completely, its original
shape;

• Homogeneity - the mechanical and physical composition of the rubber is everywhere uniform, and does not vary from point to point;

• Isotropy - the elastic properties of the rubber are the same in all directions;

• Incompressibility - the volume of the rubber remains unchanged by the deformation.

For example, consider what happens when we apply a load, say a tensile force, to
a sample of a rubber-like material (see Hill [19]). Macroscopically, under the force
the sample's length increases. Microscopically the situation is much more complicated as at any point within the rubber-like material, extension in the direction of
the load must be accompanied by contraction in the lateral directions due to the

incompressibility of the material. This results in the strain being everywhere threedimensional which subsequently sets up a corresponding three-dimensional stress
distribution in response to the load. For small strains the lateral effects can be
neglected for practical purposes and Hooke's law can be applied. However, for large
strains the equilibrium equations as applied to the body in its deformed state together with the mathematical relationships between stresses and strains need to be
examined before we can predict the effects to even the simplest load.
When an increasing force is applied to the sample, the area or point upon which
it acts is displaced as a result of the deformation of the material. Therefore, a
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certain amount of work is performed by the applied force. The work is stored within
the deformed sample in the form of elastic strain energy and when the sample does

work against the forces acting upon it, some or all of the strain energy is released
In fact the stored strain energy increases as the distortion of the sample relative

its undeformed state is increased. Similarly, as the distortion decreases the energy
is released until the undeformed state is reached. Thus all the energy which had
been taken up is returned and the level of strain energy in the sample is zero. For
a more detailed discussion on strain energy see Varga [54].
It is apparent that the strain energy stored per unit volume of the undeformed
body must be a function of its distortion. Mathematically, the strain energy is a
function of the Cauchy general components of strain [54] at any one point. This
function is called the strain-energy function, E. The strain energy must be an
invariant scalar quantity so that when transformations of the general components of
strain are made from one Cartesian coordinate system to another the strain energy
remains unchanged. Putting the general strain components into their canonical form
the strain-energy function, denoted by E(Ai, A2, A3), is a function of the principal
stretches Ai, A2, A3.
For a homogeneous, isotropic, incompressible and perfectly elastic material the
strain-energy function, E, must satisfy the following properties:

1. E(Ai,A2,A3)>0,
2. E(1,1,1) = 0,
3. E(Ai,A2,A3) is symmetric, (2.1)
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4. AiA2A3 = 1.

Property 1 insists the strain-energy function take positive values for all possible
strained forms of the material. Property 2 ensures that the strain energy in an
undeformed body is zero; Ai = A 2 = A 3 = 1 should represent a true m i n i m u m
for the strain-energy function. Property 3 is a result of the isotropic nature of the
material. A s noted earlier in an isotropic material the elastic properties are the
same in all directions. This means all principal strains should be equivalent in their
contribution to the storing of elastic energy which enforces the strain-energy function
to be a symmetric function of the principal stretches. Property 4 provides that the

/

/
/
/'
\3

)

/

/

1
(a)

X\

L

(b)

Figure 2.4: Homogeneous strain (a) undeformed; (b) deformed.

condition of constancy of volume that is incompressibility be satisfied. Consider a
unit cube (Figure 2.4) under a homogeneous strain of any type. Under this strain
the cube is transformed into a rectangular parallelpiped having three unequal sides
of lengths Ai, A 2 and A 3 . Note that these extension ratios m a y b e less than 1,
corresponding to a compression or greater than 1, corresponding to a stretch.
It follows that the strain-energy function can also be expressed quite generally
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in terms of strain invariants h, I2 and I3 . Strain invariants are quantities that
characterize a state of strain or deformation of a body and are independent of the
coordinate system chosen to describe the deformation. Frequently the principal

stretches are used to formulate the invariants. Rivlin [46] introduced the following
three expressions

h = Xx + A2 + A3,
I2 = XlXl + XlXi + XlXl, (2.2)
h = A1A2A3,

based on the idea that the strain-energy function had to depend only on even powers

of A;. The expressions for the strain invariants (2.2) are the three simplest possib
even-powered functions. The condition for incompressibility "see Property 4 from
(2.1)" introduces the further relation 73 = A^Al = 1, SO that the first two strain
invariants can be written as
1 11
h = X1+X2

+ -^-2-,
A1A2

I2 = ^2 + -r-2 + A : A 2 .
Al

(2.3)

A2

This means that for an incompressible material the quantities I\ and I2 may be regarded as independent variables which are determined by the two principal stretches
Ai and A2.
As has been pointed out, the strain-energy function E describes the total elastic energy throughout the deformed body. Elastic response functions may be determined from the strain-energy function, by way of (2.12). The elastic response

functions for a particular material characterize the elasticity of the material. The
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represent the amount of force required to obtain a certain amount of strain. Many
problems may be explored without considering the response functions. When it is
necessary to consider the response functions, special models having experimental
foundation are used. The determination of the response functions for particular
materials is an important problem in experimental mechanics.
The form of the general strain-energy function is important in that it provides
a much more detailed basis for critical examination of theoretical ideas than can be
obtained from the consideration of any single type of strain in insolation. Determining the form of the strain-energy function provides the most general method of
characterizing the properties of rubber for engineering applications. Thus the mathematical treatment of homogeneous, isotropic, incompressible and perfectly elastic

materials is of practical significance and plays a major role in the analysis of stres
rubber components. In the next section we present some well known materials.

2.4 Families of strain-energy functions
Rivlin's papers on large elastic deformations of isotropic materials begins with
a study of the incompressible neo-Hookean material [44, 45]. For the neo-Hookean
material the strain-energy function is given by

S = f (X2 + X2 + X2-3), (2.4)
where \x denotes the conventional linear elastic shear modulus. Rivlin chose (2.4)
for the strain-energy function of rubber-like materials because it had been derived

by Treloar [53] for an ideal rubber on the basis of the kinetic theory of large elasti
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deformations, and also because it produced fairly good agreement with experiments
on vulcanized rubber [52]. The neo-Hookean material has the simplest strain-energy
function and response function which makes it easiest to handle from an analytical
perspective.
A widely used ideal model known as the Mooney material was first derived by
Mooney [40] with the following strain-energy function

E = Ci(A? + A3 + Al-3)+C2(i + i + i-3), (2.5)

where C\ and C2 denote material constants such that the linear elastic shear modulus
is given by // = 2(C\ + C2). Mooney's theory was based on two assumptions, the

first being that rubber is incompressible and isotropic in its undeformed state and
the second that Hooke's law is obeyed for simple shear. We note that the neoHookean material is a special case of the Mooney material with C2 = 0. When
Ci = 0 it is termed an extreme-Mooney material [36]. Both the neo-Hookean and

Mooney models are reasonably well established models for large deformation analysi

of rubber and are known to apply for moderately large deformations (see for example
Rivlin and Saunders [47]).
The Varga material whose strain-energy function is

S = C1*(Ai + A2 + A3-3), (2.6)

with n = C{/2. This material was first proposed by Varga [54] as a prototype for

natural rubber vulcanizates and later by Dickie and Smith [9] for styrene-butadien

vulcanizates. In both situations the strain-energy function applies for deformatio
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with maximum principal stretch not exceeding the numerical value of 2.

The so-called modified Varga material, which was first introduced by Hi
Arrigo in [28], has the strain-energy function

E = C{ (Ai + A2 + A3 - 3) + C* (i + 1 + i - 3V (2.7)
\Ai

A2

A3

/

where the material constants are such that fi = (C* + CD/2. We note tha

material constants are all positive and in general C2/C\ « 1/10 for the

material and C\/C\ « 1/15 for the Varga material. The Varga material is

(2.7) with the constant C2 zero. The modified Varga strain-energy functi
(2.7) with C| non-zero was shown in Hill and Arrigo [27] to be a valid

for rubber with maximum principal stretch not exceeding the numerical v

3. Typical behaviour of the Varga and modified Varga materials in simpl

and equibiaxial tension is indicated in Figures 2.5 and 2.6. The points

figures are calculated from the strain-energy function proposed by Ogde

provides a fairly good model for the experimental data of Rivlin and Sa

Moreover, in [27] it was shown that the additional material constant C2

improved the range of physical applicability over the single-term Varga

function (2.6). Further results and references relating to the analytica

of the Varga and modified Varga strain-energy functions (2.7) can be fo

and Arrigo [27, 28]. The Mooney materials are generally regarded as bet
than the Varga materials for a variety of deformations.
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Figure 2.5: Variation of the force f per unstrained area, with extension A in simple
tension for the Varga and modified Varga materials compared with experimental
data of Rivlin and Saunders [47].
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Figure 2.6: Variation of the force f per unstrained area, with extension A in equibiaxial tension for the Varga and modified Varga materials compared with experimental
data of Rivlin and Saunders [47].
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In 1958 another strain-energy function was put forward by Gent and Thomas
[13] and was of the form

E = C1(A? + A^ + A2-3)+C2logi(l + l + l), (2.8)

where C\ and C2 denote material constants such that \i = 2 \C\ + C2/3j. As shown

in [13], this material agrees to a fair degree of approximation to the general s
data of Rivlin and Saunders [47].
The neo-Hookean, Mooney, Varga, modified Varga and Gent and Thomas strainenergy functions are only a few of the various formulae which have been proposed

to fit the Rivlin and Saunders data [47]. The validity of these materials is sho
Figure 2.7 which show the theoretical curves in equibiaxial tension as compared
the experimental data of Rivlin and Saunders [47]. For a more detailed review on
other suggested strain-energy functions the reader is referred to Alexander [4]
Hart-Smith [16].

2.5 Basic equations for plane strain deformatio
Many problems in elasticity may be handled by a two-dimensional or plane theory

of elasticity. A problem of plane deformation is defined as one in which stresse

strains do not vary in the direction perpendicular to the [x, y) plane. There ar

general types of problems involved in this plane analysis: plane strain and plane

stress problems. In plane stress problems, the geometry of the body is in essence

plate with one dimension smaller than the others. In such problems plane stress i
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neo-Hookean
Rivlin & Saunders

Figure 2.7: Variation of the force f per unstrained area, with extension A in equibiaxial tension for the Varga, modified Varga, M o o n e y and neo-Hookean materials
compared with experimental data of Rivlin and Saunders [47].
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taken to mean zero stress in the ^-direction. In plane strain problems the geometry
of the body is simply a cylinder with one dimension much larger than the others

where here plane strain is taken to connote zero strain in the ^-direction. In this

section we state the main results for plane strain deformations in cylindrical pola
coordinates of isotropic incompressible hyperelastic materials. The derivations of

these results are described in Hill [22, 25] and the reader is referred to these fo
further details.
For material and spatial cylindrical polar coordinates (R,Q,Z) and (r,9,z) respectively, we consider the plane deformation

r = r(R,G), 9 = 9(R,Q), z = Z/a, (2.9)

where a is a constant. We remark that we adopt the conventional notation in finite

elasticity that capital letters designate quantities associated with the undeformed
body and lower case letters with the deformed body. For an incompressible material
(2.9) satisfies the condition

rR9Q-rQ9R=—, (2.10)
r
where subscripts denote partial derivatives. The contravariant components of the
Cauchy stress tensor for an isotropic incompressible hyperelastic material can be
shown to be given by (see for example Hill [22])

(2.11)
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where p is the pressure function. Here (j) and tjj denote response functions which
defined in terms of the strain-energy function E(7, a2), thus

* = 2g, * = 2§, (2,2)
and the principal invariant I of the deformation tensor is defined by

/ = r| + | + r^4+|). (2.13)
In [22] the equilibrium equations are shown to become

Pr

0ere
= 4vV-rfe + |H+^+
,

^2

R2

(2.14)

P» _ ^/v72^ , 2/ _„_ , ^ I

x

A

X

±

W B

<Y*£i

where V 2 is the usual two-dimensional Laplacian, that is
V = 1 1 o- (2.15)
OR2

RdR

R2dS2

y

'

The equilibrium equations are derived on the basis of having an arbitrary volume
of a continuum subject to a system of body and surface forces. In equilibrium the
resultant forces and moments acting on the volume must vanish. At this point,

it is of interest to note that the equilibrium equations are expressed in terms of
the derivatives of the unknown deformed configuration and, most importantly, are
highly non-linear with very few known exact solutions.

If we introduce the first Piola-Kirchhoff stress tensor (see Hill [22]) in the usu
way, then using (2.10) and (2.11) we can show that the resultant force, F*, acting
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on the circular cylindrical sector (—O0 < 6 < 6 0 ) in the direction 6 = 0, which is
given originally by R = constant, is
L /-©o
— /
[—p (r sin 9)e + aRtfi (r cos 9)R] dO,

(2.16)

Cx J—@Q

where L is the original length of the cylinder. The resultant force, W, acting over
each cross-section can be shown to be given by
e0

W

tB

\
Go-M
-Gn
JA

p + a 1p R

dR de.

(2.17)

Further, the resultant force, S, acting in the conventional rc-direction and the mo-

ment, M, on the slanting surfaces O = ±0Q of a sector are given respectively, b

L rB
a JA
A

P(rsm9)R

+ —

(rcos9)e dR,

(2.18)

a

M

a JA

4> n rdR,
-WR + ~5~re®

(2.19)

where A and B designate the original inner and outer radii of the tube. For more
details on the derivation of the resultant force S and resultant moment M, see
Appendix C.

Chapter 3

New inflation solutions for a
circular cylindrical tube

3.1 Introduction
For large elastic deformations of perfectly elastic rubber-like materials, the nonsymmetrical inflation of circular cylindrical rubber tubes is examined for a family
of strain-energy functions, which includes the neo-Hookean and Varga materials
as special cases. T h e n e w solutions for the inflation problem 'determined' in this
chapter are in Chapter 5, applied to the lateral compression of a hollow rubber tube.
This is an important practical problem for which there are at present no theoretical
formulae based on the proper theory offiniteelasticity.
In Section 3.2 w e specialize to the deformation (3.1) and deduce simplified equilibrium equations which are used to determinefiniteelastic solutions. In the remain36
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ing sections we present the solutions to these equilibrium equations for a family of
strain-energy functions including the Mooney, Varga and n = 2 materials. The
n = 2 material is given by the response function (3.7) with a > 0 and n = 2.

3.2 Deformation and governing equations
For homogeneous isotropic incompressible perfectly elastic materials we seek
exact solutions of the form

r=(aR2 + f{Q)f/2, 0 = 0, z = Z/a, (3.1)

where a is a constant and /(0) is a function of G only, determined from the equi-

librium equations (3.14). In Hill [20] a solution for /(0) is determined for the neoHookean or Mooney materials. For every strain-energy function E(Ai,A2,A3), the
governing equations admit the solution f(Q) = constant; the question is, however,
whether there exist restricted forms of the strain-energy function which admit more
general solutions, /(0), as is the case for the neo-Hookean or Mooney materials.
For the deformation (3.1), a > 0 corresponds to inflation, whereas a < 0 corresponds to eversion, and there is an important distinction that we need to identify

between these two cases. For both situations the principal stretches (Ai, A2, A3) are
such that

I = X2 + X2, A3 = ~T, (3.2)

where the quantity I is defined by equation (2.13). From (3.2) and the relation
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XiA2A3 = 1 we may deduce

/ + 2|a| = (A1 + A2)2. (3.3)

However, from (3.1) and the definition of / we have

' = 2a+^f, (3.4)
where the function A (0) is defined by

A(G) = f + ^-, (3.5)

where primes here and throughout, denote differentiation with respect to 0. Thus
from (3.3) and (3.4) we have
A{G)1/2/rR,

fora<0,

A 1 + A 2 = (/ + 2|a|) 1/2 =<|
(3.6)
(4 |a| + (A (0) /r2R2))1'2, for a > 0,
and we note that Ai + A2 has a simpler structure for a < 0 than for a > 0. Paradoxially, this in effect means that it is mathematically easier to find solutions
the supposedly physically more complicated problem of eversion (a < 0) than it is
for the problem of inflation (a > 0) which we consider here. The eversion problem
will be considered in Chapter 4.
In this thesis we focus on a family of strain-energy functions E, such that the
response function, (f)(1), defined by (2.12)i has the form
2n/y

<b(iy=

—-pr,

(3.7)
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where the normalizing constant is determined by the condition 0 —»• \i as / —> 2

and | a | —> 1. This general form includes both the Mooney and Varga strain-energy

functions (n = 0 and n = 1, respectively). In addition, the case n = 2 turns out t

a special case for which non-trivial solutions, for both inflation and eversion, c

determined (see Sections 3.6 and 4.4). The case n = 2 corresponds to a logarithmic

strain-energy function, which is similar to, but not identical, to that proposed b
Gent and Thomas (2.8). For the Gent and Thomas strain-energy function (2.8) with

C\ = 0, the response function <f> (I) defined by (2.12)i becomes 3/i/ (/ + a4), whi
(3.7) with n = 2 yields 4/i/ (/ + 2 \a\), which is evidently similar.

Assuming a response function </> (I) of the form (3.7), there is no unique procedu

of introducing a strain-energy function E (Ai, A2, A3), which is properly symmetric
Thus for example, from (3.7) and (2.12)i, with n = 2, we may deduce

E = 2/zlog (1 + 2 \a\) + E0 (a), (3.8)

where E0 (a) denotes an arbitrary function of a and from (3.3) we have

E = 4// log (Ai + A2) + E0 (a). (3.9)

In this case, it is not immediately clear how to choose E0 (a) such that the result
strain-energy function is properly symmetric, but this does not necessarily mean
that a well-defined extension does not exist. For a prescribed, the strain-energy
function

E (Ai, A2, A3) = 4/zlog [(Ai + A2 + A3 - M"1) / (3 - M"1)] , (3-10)
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is a perfectly well-defined extension possessing all the desired features. For o
purposes, the actual E we have in mind is not relevant; we assume here only that
the response function takes the form (3.7). Thus, in summary, we consider here

the deformation (3.1) for those materials which under plane strain conditions, t

response function (f> (I) defined by (2.12)i, takes the form (3.7) and we have i

the three special cases n = 0, 1 and 2 for which /(©), other than constant, may b
deduced.
Now for the deformation (3.1), we have
rR=—, re = f, (3.11)
r

2r

and the equilibrium equations (2.14) yield

(3.12)
Vo

4{^K + /)}e4Me

R2

x^y—

• jjie

R2

where A(G) is defined by (3.5). From (3.4) we have
T

!R

-2A (2aR2 + f)
= ^ > ^ = R~2 [^

1 (A!

~ ~r^J '

Af'\

(

,

[6 }

and on using these expressions, (3.12) can be shown to become
t ^ aM" 2*X ' af>A> d(j)
[p + a<f>)R - 2 ^ ' " r*R

+

2r 4 # 3 d/'
(3.14)

a</>f X (A' Af\
aA' (2aR2 + f) d(f>
(p + «0)e = ~r^~ + 2R2\r2' r4 ) r±R? dV
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where the function x(I) is defined by

* (/) = </> +2 (I + 2a) ^. (3.15)

In the following sections we exploit (3.14) to determine / (0) for particular stra
energy functions. We remark that for / (0) = constant, existence and uniqueness

issues are examined by Chadwick and Haddon [8] for both inflation and eversion and
for the particular strain-energy functions proposed by Ogden [41], of which (2.5)
(2.7) are special cases.

3.3 Solutions for the Mooney material

It is convenient to first deal with the Mooney material for which (f> (I) is a con

/i* = 2 (C\ + C2/a2). In this special case it is unnecessary to distinguish between
inflation and eversion. From (3.14) we have

and on equating the two resulting expressions for pRQ, we may deduce the three
equations
fin f tm f fn

L_ + 2/' = 0,

1L--LL-+A'

= 01

fA' = Af,

(3.17)

which, remarkably, are consistent and admit the common solution given in Hill [20]
namely

/(0) = d[l + sin(20 + e)], (3.18)
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where d and e denote arbitrary constants. Note, however, that the solution given

in [20] applies only to the case a = 1, whereas here it is seen to apply for any a

both positive and negative. This particular solution was utilized in [20] to provi

an approximate load-deflection relation for a half-cylindrical bonded tube that is
compressed between rigid parallel metal plates. On noting that A = 2df, it is a
simple matter to deduce from the above equations that the pressure function p is
given by

J1 (aR2 + f) d } ,

N

where po denotes an arbitrary constant.

3.4

Solutions for the response function (3.7)

In this section we suppose a > 0 and that the response function, (f)(1), is g
by (3.7), so that from (3.15) we have

where /3 denotes 2n/j,. From this equation and (3.14) we obtain

(P + *<P)R ~

iI +

a(3
[ f"
(n-l)A\
+ - r,R
j
2a)n/2\2r2R

4r4R3iI

a(3nA'f
n/2+v
+ 2a)
(3.21)

e

(3
af
(I + 2a)n/2\r2

(n - 1) Af
2R? \ r4

A'\\
af3nA' (2aR2 + f)
r2) J '2r*R? (I + 2a)n/2+1'

where / is given by (3.4) and A is defined by (3.5). Unfortunately, the appear

of (/ + 2a) limits the analysis, and further progress can only be made by re
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the value of n.

3.5

Solutions for the Varga material

W e observe that for the Varga strain-energy functions given by (2.7), with appropriate re-definition of the shear modulus /i, the response function, (f)(1) has the
form (3.7) with n = 1, namely

(3 22)

«*> - (dfe*-

-

For this particular response function, %(/) defined by (3.15) is shown to be %(/) = 0
provided that a > 0. This is also clear from (3.20) with n = 1. N o w for the Varga
material w e have n = 1 and the two equations (3.21) become

f u. ^

f2a/"

<*/3

iP + aW* -

(/+ 2a)3 /2

|r 2 # +

J_MT
r4jR 3

(^ 2

^f
4
(3.23)

r -. ^

(P+a0)e =

^

[ W
2

2

1 /
2

A'f\
J

3 2 \ r2_+ r*R /\
2af'
(/(I++2a)
/ i^ ^^l "^"J2 )

A'
r2R2 j '

O n equating expressions for (p + a(f))RQ and using M A P L E (see Appendix D, Program 1), the determining equations for /(0) are found, after some manipulation, to

be
/'" + Af = 0,

4/2 + 2ff" - f = 0,
(3.24)

3/"2 + 4//2 + 32/ 2 + 16//" = 0.
O n combining (3.24)2 and (3.24)3 we obtain

f + ±f = 0,
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for which, clearly, the only common solution is /(0) = constant.

3.6 Solutions for the response function (3.7) wit
n = 2

In this section we present a new exact solution for the response function (3.

with n = 2 and we determine a more general material for which this solution is

a solution of the corresponding equilibrium equations. In this case, the respo
function (3.7) with n — 2 is simply

m = TTTLTT-

(3 25)

-

[1 + 2\a\)
Now for n = 2, equation (3.21) becomes

lP + «W* -

2
{I + 2a)\2r R^

r*RJ

2r*R? (I + 2a)2'
(3.26)

/?
lP + <*(P)e ~

{I +

fa/' t 1 ^ f
+ 2
2R \r*
2a)\r2

A'\) a/M'(2ai?2 + / )
' r2 J} + r4i?2(/ + 2o;)2 '

and again on equating expressions for (p + a<f>)Re and using MAPLE (see Append
D, Program 2) we obtain

r+4/' = o,
-Sfff"-ff"2+4f"f2 = 0,
4f"f-32ff-3ff"2f-24ff"f2 = 0, (3.27)
-24/'/"72 + 32/'3/2 + 2//3/"2 - //4/'" ~ 4//5
+16/,3//"+ 16/'74 - 320/4/'- 192/773 = 0,
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which are all satisfied provided that /(O) satisfies

f" + 4/ = 0. (3.28)
This gives the only solution of (3.27) and in the case where n = 2, we have
/(0) = dsin(20 + e), (3.29)
and A(Q) defined by (3.5) turns out to be a constant. On using this fact and the
definition of /3, (f3 = 2nu) we find that (3.26) becomes
,

..

4/xa

f 2/

A

2

(I + 2a) \ r R

r4Rj '
(3.30)

f J-^ ^ IV
{p+ a(f,)

A

f }
® = (7T^)l7 2 - + 27^)'

the final equation of which can be written in the form

/ , ,x ±mf We ,oon
(p+ a

* ) e = ( 4 ^ + ^)-(7T2^)-

(3 31)

'

On integration of this equation and subsequent substitution into (3.30)i we may
eventually deduce
p + a(f) = 2fi log (^j - n log (/ + 2a) + pQ, (3.32)
where po denotes an arbitrary constant.
We note that for this solution it happens that there exists a more general ma-

terial for which (3.29) is a solution of the corresponding equilibrium equations. To
determine this material we have from (3.14) with (f>(I) arbitrary
2a(f)f aAX ^.^ <*<t>f Af'x ,q ^
(j? + a^R^-^2-R-^AR^

^

+ a0)e =

^ ~ 2 ^ i ^ '

(3

"33)
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and elimination of (p + a(f>)RQ yields, after simplification,

4a^ = (/ - 2a) ^ + X, (3.34)

which can be integrated immediately and then, on using (3.15), integrates again by
elementary processes to give

n

> {I + 2a)+ (1 + 2a) ' ^^

where ci and c2 denote arbitrary constants. Evidently, c2 = 0 gives rise to the
response function (3.7) with n = 2. In Sections 5.2 and 5.3 of the thesis we utilize
the solution (3.29) to deduce approximate load-deflection relations for the lateral
compression of a hollow cylinder, squashed between parallel rigid metal plates for

the materials defined by (3.7) with n = 2 and for that defined by (3.35), respectively.

It is interesting to observe that the two explicit solutions obtained in this section,
both arise under situations when the final terms of (3.14) are absent for one reason
or another. For the Mooney material d(f>/dl is zero, while for (3.7) with n = 2,
the function A(G) turns out to be constant and therefore A' = 0. In the following
chapter we deduce solutions for the case of eversion (a < 0).

Chapter 4

New eversion solutions for a
circular cylindrical tube

4.1 Introduction
In the previous chapter we examined large elastic deformations of perfectly elastic

rubber-like materials for the non-symmetrical inflation of circular cylindrical rubber
tubes for a family of strain-energy functions, given by (3.7) for n = 0, 1 and 2.
In this chapter we study two deformations involving the non-symmetrical eversion
of circular cylindrical rubber tubes for the same family of strain-energy functions.
It is shown that the formal mathematical difficulties of deducing exact analytical
solutions are less severe for the eversion problem, than for the inflation problem.
In Section 4.2 we consider the first deformation given by (3.1) for which a < 0 and

state the corresponding governing equations for the response function (3.7) for n = 1,
47
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2. In the subsequent Sections 4.3 and 4.4 we examine the solutions of these gover

equations for both the Varga and n = 2 materials. While, in Section 4.5 we conside
the second deformation (4.37) and we give the corresponding governing equations.
In the remaining Sections 4.6 and 4.7 we examine the two distinct exact solutions

arising from the second deformation that apply to the incompressible perfectly el

Mooney and Varga materials, respectively. It is of considerable interest to note t
these solutions do not apply to a complete cylindrical tube because the argument
of the square root in (4.37) can become negative. In Chapter 6 we examine these
exact eversion solutions in the context of the problem of plane strain bending of
sector of a circular cylindrical tube.

4.2 Deformation and solutions for the response
function (3.7)
In Chapter 3 we dealt with the inflation problem a > 0 by determining /(0) in

(3.1) for a variety of strain-energy functions. Similarly, for the eversion proble
specialize to the same deformation (3.1) but with a < 0, namely
r=(aR2 + f(G))1/2, 9 = G, z = Z/a, (4.1)

with a = constant.
As has been pointed out, for every strain-energy function E(Ai, A2, A3), the governing equations admit the solution /(0) = constant. However the question still
remains whether there exist restricted forms of the strain-energy function which
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admit more general solutions, /(0), for (3.1) with a < 0.

Eversion solutions are simpler to find than inflation solutions because the deno

inator, / + 2|a|, in the response function (3.7), for a < 0, has an almost separab

structure which (f)(1) also features. For this case, we have from (3.6)i and (3.7
(f)(1) =(3rnRnB(G), (4.2)
where, as before, f3 = 2ny, and the function B(Q) is defined by
B (O) = .4 (0)-n/2, (4.3)

and we exclude the case n = 0 from the discussion, since this has been dealt with
in Section 3.3. Now in the case of a < 0, we rewrite (3.15) in the form
X(I)

= (f) + 2(I + 2\a\-4\a\)^, (4.4)

again indicating the differences between the two cases of inflation and eversion
From (4.3) we have A(Q) = B(Q)~2/n, which together with (4.4) yields
X (I) = -(3(n- 1) rnRnB - 4a(3nrn+2Rn+2B1+2'n. (4.5)

Now from the above equations and (3.14) we obtain
(p + a(f))R = af3irn-2Rn-1^P^ + (n-l)rn-4Rn-1B1-2^
+ 4anrn-2Rn+1B],
(4.6)
(p + a(f))e =

aPrn-2Rn{(2n+l)Bf

+ 3B,f +

+ (3(n-l) Rn~2 Ln-2B-2^ + rn-ABl-2'nf-\ ,

2aR2B'}
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and on equating expressions for (p + a(f))RQ we may eventually deduce
\ (Bf)" (r2 -f)+\(n-2)f (Bf)' ^fi + 4 (n - 1) B' (r4 - 2/r2 + f2)
= n [(2n + 1) Bf + fB' + 25V2] (r2 - /)

+ ^r^ (r4 ~ 2fr2 + /') [W)' + W'r2'_
( D-2/n

Dl-2/n

^|

+ („-l)(„-2)|- 5 -B' + - s3 -/'J,

(4.7)

which must be satisfied identically. The r4 terms exactly balance, w
terms we may obtain
i (Bf)" = 2 (2n - 1) B'f + 2 (n2 + n - l) Bf, (4.8)

and if we exploit this equation, we obtain from the r° and r~2 terms

nm = _/(B/)-+(!Lzi)B-./.B.1
(4.9)

provided that n ^ 2. Clearly, these two equations are only consiste
provided that
fB'

+ *^f = 0, (4.10)

which implies that 5(0) = £0/"n/2

or in other words that

^(e) = ^o/, for cert

constants A0 and B0. Curiously enough A(Q) takes this value for the
in Section 3.3 for the neo-Hookean and Mooney materials, for which,

above analysis does not hold since it is assumed that n^O. The ques
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whether there exists n, other than n = 1 or n = 2, such that B(G) = Bof~n/2 and
in fact we can show that there does not. From the definition of ^4(0) we have

f2 + f~ = s0-2/7, 2/ + y = £o~2/r\ (4-11)
where the second equation follows by differentiation of the first and throughout
assume /' ^ 0. Now with B(Q) = B0f~n/2 both equations (4.9) are compatible
with (4.11), while (4.8) yields
(f-n/2fi)"
K

J
2

= (3n - 2) f-nl2f,

(4.12)

and by progressively utilizing (4.11) in (4.12) we can show that the two equation

not compatible for any n and therefore there are no values of n, other than n = 0

for which A(G) = Aof. In the two subsequent sections we state the results for the
special cases n = 1 and n = 2 where new non-trivial f(Q) may be determined.

4.3 Solutions for the Varga material
For a < 0 and n = 1, (4.6) becomes simply

(P + °0* = ^ ( ^ + 4 a t f 2 A ,
(4.13)
(p + a(f))Q =

a/3R
^
{3 (Bf)' +

2aR2B'}

where here (3 denotes 2\±. O n equating expressions for (p + a(f>)m we obtain,

(£ZT

= 2(B/)\

lMl-HMl = 3f{Bf)', (4.14)
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and on using the first equation in the second equation we have an identity which
arises merely from the relation

B = f + Lr) , (4-15)

that is,

(Bf)(Bf)'+{^P-{-^

= 0.

(4.16)

N o w thefirstequation of (4.14), which is simply equation (4.8) with n = 1, integrates
immediately to give

Wl = 2Bf + c, (4.17)

where c denotes the constant of integration. In order to integrate (4.17) further we
exploit (4.15) and introduce p such that
B f
Bf = cosp,

— - = sinp,

(4-18)

and from (4.17) we obtain

^ = 2 + csecp.
d0

(4.19)

If c = 0 then p = 20 + e where e is a constant and from (4.18) we may deduce

/(0)=dsec(20 + e), (4.20)

where d denotes a further arbitrary constant. This solution is also given by Hill and
Arrigo [28] (equation (5.28) for the special case a= -c and 6 = 0, where these refer
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to constants employed in that paper). If c ^ 0 then (4.19) may be integrated usi
the half-tangent substitution t = tan(p/2), thus

d6 =

2-Tc^c-p =2\dp- (S + l) + (5-l)t2) '

(421)

where 5 denotes c/2. From this equation and assuming 5 > 1 we may deduce
25
2

(5 - 1)

_,
1 / 2 tan

d — 1\
<

5 + 1;

(p
tan ( 0 I = 2 0 + e,

(4.22)

and from (4.18) we have f/2f = tan p which together with (4.19) yields an equat
which may be readily integrated to give
\-i
f (G) = d (cos p + 5)-\

(4.23)

where again d denotes an arbitrary constant. Together, equations (4.22) and (4.2
constitute the general solution for /(0) in parametric form and involving three

arbitrary constants 5, d and e. We observe that if 5 is zero then (4.22) and (4.2
give rise to the special exact solution (4.20). In order to obtain an expression

the pressure function when n = 1, we have from (4.13) on using (4.17) with c = 25
n n ;

2af35
[p-a<p)R

=

{p + a(p)R-2a(pR =

,

(4.24)
[p - a<f>)e = (p + a<f>)e - 2a0e = ^7—,
where in deriving the last equation we have used (4.18), (4.19) and (4.23). On
integrating (4.24) we obtain
p - ad) = ^§ sin"1 ((j)

V2

R) + Po, (4.25)

where po denotes an arbitrary constant and 7 = \a\.
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4.4 Solution for the response function (3.7) with
n = 2
When n = 2 with a < 0, equation (4.6) yields

(p + a(f))R = a/5J^|2 + ^ + 8aJ?35|,
(4.26)

(p + a(f))e = af3R2 {bBf + W'f + 2aR2B'} + A^ + ^-Y
where (3 = 4p.. Compatibility gives

&p- = 6B'f + lOBf, (4.27)

which is simply equation (4.8) with n = 2. Equation (4.26)i integrates immed
and the arbitrary function of 0 is readily determined from (4.26)2 and (4.27).
final result is

p + acf) = ^-R2 (Bf)' + 2a2f3R4B + | log (r2B) + p0, (4.28)

where again po denotes an arbitrary constant. In order to integrate (4.27) we
tiply by / and rearrange to give

f

^ - 2/ (Bf)' = 4f2B' + Sff'B. (4.29)

From B = A-1 we may deduce

(Bf)2+(^Pj =£, (4.30)
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which on differentiation yields
2f(Bf)' + f(^pj =^. (4.31)
On combining this equation with (4.29) we obtain

/ {^Pj " + f (?f)' ~ f = 4/25' + 8ffB, (4.32)
which now integrates to give
f(^f) -logB = 4f2B + c, (4.33)
where c denotes the constant of integration. From this integral and (4.28) we may
deduce
P-a(f)=^Ulogr

+ jlogB+y-\+p*0, (4.34)

where pi = po — f3c/2. Unfortunately we are unable to obtain additional integ

of (4.33) and again numerical integration would be necessary to achieve furth

progress. However, some simplification can be obtained by introducing p such t
cosp /' ship . v
/ =

p' "2 ~ £V*'

[ }

and then compatibility and equation (4.33) yield the seemingly simple system
equations
% = -2 (p' + 2) tan p, (p! - 1) cos 2p = 3 + log B + c, (4.36)
B
which cannot be integrated.

Within the context of the theory of large elastic deformations, where the rang

of available exact analytical solutions is limited, those presented in Sectio
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and 4.4 for n = 1 and n = 2 constitute new non-trivial results. Physically these
deformations correspond to the eversion of a rubber cylinder such that the deformed
configuration no longer retains a circular cylindrical shape. For example, it is not

difficult to envisage situations in which the deformed cylinder is more elliptical t
circular.

4.5

Deformation and governing equations

We investigate non-symmetrical plane strain eversion deformations of the form
r = (-aR2 + f (0)) V2, 9 = TT - 0, z = Z/a, (4.37)
where a is a constant (a > 0) and / (0) denotes a function of 0, determined from
the equilibrium equations (4.43).
From (4.37) and (2.13) we have

where the function A (0) is defined by (3.5). From (4.38) we can show that
(I + 2a)1/2 = A(G)^2/rR. (4.39)
Now, for the deformation (4.37) we have

f

aR

re =
~2r'

rR =

(4.40)

r

and the equilibrium equations (2.14) yield

t.
{£ (-ofi.
Pr= 3
r

+

f)-A}

+

^ + ^e, p. = -^ {V}e • (4-
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From (4.38) we have
-2A(-2aR2 + f) T 1 (A! Af\ , s
'« =
V g

J

>

I* = R2{V2-^),

(4-42)

and upon using these expressions (4.41) becomes

W

a(

P)R ~

+
2r2R

r^R~2?^Tr
(4.43)

(,-^e - J¥ + £($-%)+*Uc**±ll»
where the function x(J) is defined by
*(/) = 0 + 2 ( 1 - 2 a ) ^ .

4.6

(4.44)

Solutions for the Mooney material

For the Mooney material with strain-energy function defined by (2.5), the response functions (f) and ip defined by (2.12) are given by

^• = 2(cI

+

§), ^-20 + C^-l)}. (4.45)

From (4.43) we have

and, on equating expressions for pRQ, we obtain the same three equations given b
(3.17) which were deduced for the deformation (3.1) with a > 0. This is to be

expected as equation (4.43) is similar to (3.14) in the sense that a in (3.14) m
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be replaced by -a. It therefore follows that the function /(0) may also be derive

from (3.17). It is now straightforward to deduce from (4.46) the pressure function
p, such that
„ f, (-aR2 + f) d )
p = - Q / t jlog

^

- {_aW

+ f]

| + Po,

(4.47)

where p0 denotes an arbitrary function. We note that the corresponding inflation
solution was first given by Hill [20].

4.7 Solutions for the modified Varga material
It has been shown that for the Mooney material the results of the deformation
(4.37) with a > 0 are similar to those of the deformation (3.1) with a < 0. This

also true for the modified Varga material and accordingly in this section we stat
the results without a detailed derivation. The reader is referred to Section 3.5
more details.
For the modified Varga material with strain-energy function defined by (2.7),
the response functions, 4> and if), defined by (2.12) are given by

M+QM

(g?4-C2Va)_(C? +

Q(7

+

2aH g.

(/ + 2a)1/2 a(/ + 2a)1/2 a3 a
and the function /(O) is given by
f(G) = d(cosp + 5)-\ (4.49)
where p, a function of 0, is defined by

. u'*-lV/2 (P
2

(52 _ i)V2tan

-1

< H <- S— +- 1 /

tan [ V2
£

0 + e-,

(4.50)
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and 5 denotes an additional arbitrary constant such that

^§ = 2(1 + 5 seep). (4.51)

Using (4.43)i and integrating (p + a(f>)R, it is simple to deduce

P = -^-^(^* + f)-' [(jYR) +W- («2)
We note that for the special case 5 = 0 we have the simple solution

/(0)=dsec(20 + e), p=-a(f) + po, (4.53)

which we examine in Section 6.3.
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Chapter 5

Application of inflation solutions

5.1 Introduction

The finite elastic compression by rigid parallel metal plates of solid rubber rollers,
hollow rubber rollers and rubber covered rollers constitute important engineering
problems for which the theoretical information available is extremely limited. When

the curved surface of a rubber component is compressed against a rigid plate the stiffness tends to increase with increasing contact area, giving rise to load-deformation
characteristics which are markedly non-linear. For various rubber rollers a number
of simplified load-deflection relations have been obtained based on the engineering
notions of 'shape factor' and 'apparent Young's modulus' (see, for example, Lindley
[38, 39]). This ad hoc approach provides only the overall load-deflection relation,
but within the context of limited experimental results, does appear to adequately
60

Chapter 5. Application of inflation solutions

61

reproduce the existing experimental curves. The 'shape factor', S, is defined by
one loaded area
force free area
which incorporates an 'apparent Young's modulus' E that varies with S. That is, if
S increases so does E and similarly if S decreases so does E. The idea of a varying
Young's modulus contradicts the linear theory of elasticity where Young's modulus
is assumed to be constant. For compression the load-deflection relation arises from
integrating the following stiffness equation

where F is the applied force, Ax is the one loaded area at deformation x and tx
is the thickness at deformation x. The disadvantages of such analysis is that it
provides no information on the point-wise variation of stresses and deformation
throughout the rubber tube and the analysis depends highly on whether there exist
a substantial body of experimental results. The only theoretical analysis based on

the proper theory of large elastic deformations is that due to Hill [20] which provide
an approximate load-deflection relation for a half-cylindrical bonded tube which is
compressed between rigid parallel metal plates. The solution given in [20] is an
exact solution of the governing equations but the stress boundary conditions are
satisfied only approximately. The resulting load-deflection curves are also in good
agreement with available experimental results and moreover the solution predicts
a transition from a single point contact to a double point contact. This transition
is an elementary consequence of the exact solution and the identification of this
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phenomenon, which can be readily observed in the simplest experiments, provides a
good deal of insight into the qualitative features of the experimentally determined
load-deflection curves. The purpose of this chapter is to extend our knowledge of
other such exact finite elastic solutions and to deduce an approximate load-deflection
relation for the compression of a hollow rubber tube.
In Section 5.2 of this chapter we utilize the inflation solution given by (3.1) for
n = 2 to determine an approximate load-deflect ion relation for the compression
of a hollow cylinder by rigid parallel metal plates. The resulting load-deflection
curves exhibit the same overall qualitative features as the existing experimental and
theoretical results described by [38, 39]. For completeness, we note that we may
extend the analysis of Section 5.2 to obtain the load-deflection relation for the more
general response function (3.35) for which the exact solution (3.29) still applies and
the final load-deflection relation for this material is noted in Section 5.3.

5.2 Approximate load-deflection relation using (3
with n = 2

In this section we consider a circular cylindrical tube of length L and of inner
and outer radii A and B, respectively, and squashed between two parallel rigid
metal plates as shown in Figure 5.1. No confusion should arise with the previously
introduced functions A(G) and £(0), which are not needed in this section.
We assume a deformation of the form (3.1) with a > 0 and that the material
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Figure 5.1: T h e compression of a hollow circular cylindrical rubber tube by rigid
parallel metal plates and equal and opposite forces, F, acting as shown.
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has response function (f)(1) given by (3.7) with n = 2, so that we may choose the
constants d and e as follows
C2 7T

d=—j:

e = -,

(5.3)

so that (3.29) becomes

(5-4)

f(G) = -^-cos2G,

where C is assumed to be a positive real constant. W e observe that with /(0) given

by (5.4), the deformation (3.1) has the overall expected features, particularly in
sense that the radii shorten at 0 = 0, while there is an elongation at 0 = 7r/2,

addition (5.4) has all the necessary symmetry requirements. We also see that (3.1

with /(0) given by (5.4), is only well-defined provided the half-cylindrical cross
section lies outside the circle R = C(cos20/2a)1/2 and thus we need to assume

C < (2a)1/2A. (5.5)

Various stages of the deformation (3.1) with /(©) given by (5.4) for which (5.5)
holds, and a = 1 are shown in Figure 5.2. Although the load-deflection relation
obtained from (5.10) and (5.24) is derived on the assumption (5.5), we note that
this load-deflection relation is also meaningful for C > (2a)1/2 A.
Moreover, we have adopted a formalism similar to that used in [20] so that in
the determination of the maximum value of the x coordinate of the outer surface,
we need to determine that 0 at which
\l/2

X

(R = B)=

(

r2

I aB2+

^-C2

\ '
cos2 Gj

cosQ,

(5.6)
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is a maximum and as in [20] we have the following. If C < (2a/3)1/2 B then the
maximum value occurs at 0 = 0 (one-point contact) and is given by
/ f<2 \ !/2

xmax(R = B ) = l a B 2 - — J

,

(5.7)

while if C > (2a/3) ' B then the maximum value occurs at

(two-point contact) and is given by

xm,AR = B) = ^ + ^. (5.9)

Thus from (5.7) and (5.9) we have that the deflection D, which is the distance
by the second metal plate in the negative x-direction, is given by
B - (aB2 - C2/2)1/2 if C < (2a/3)1/2 B,
D = { (5.10)
B - ((aB2/2C) + C/4) if C > (2a/3)1/2 B.

Now, if we evaluate the pointwise stresses on the originally cylindrical surfac
and R = B then we find that the precise boundary conditions of zero stress on
R = A and a stress singularity on R = B cannot be satisfied by the deformation

(3.1) with /(0) given by (5.4). Therefore, following [20] we now assume that the

arbitrary constant C and the constant p0 appearing in the pressure function (3.

can be determined in such a way that the overall forces on the semi-circular ar
-7r/2 < 0 < TT/2 vanish for R = A and balance the applied force F for R = B.
For the time being, we leave the constant a arbitrary. We could either set a =
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and assume that the necessary stresses are applied at the end planes of the

assume that a is determined by the condition t33 vanishing on the end planes
a scales from the problem, it is not necessary to prescribe which of these
we have in mind as long as a > 0.
Now in order to evaluate an expression for F* from (2.16) for an arbitrary
R we need to use 4> (I) = 4p/ (I + 2a) and from (3.32)
p = p 12 log (1) - log (/ + 2a) - (J ^2a) | + p0, (5.11)

where / is given by (3.4) and where A (0) has the constant value C4/4. In a

we need an expression for p@ that is most easily determined from (3.31). Fr
equation and (3.4), (3.13) and (5.4) we may deduce
2/iC2sin20(/2+4a2) ,_ 10,
PQ =
r2(I + 2a)2 • (5-12)
Now, integrating (2.16) by parts and taking 0 O = 7r/2, we have
F* = -{[-prsm9f_!2l2 + I*'* \p@rsin9 + aRj)(r cos 9) R]\ d0, (5.13)
a

[

'

J-TT/2

)

and from the symmetry of the problem we can simply double the integral fro
TT/2. Thus, from (3.1), (5.4), (5.11) and (5.12) we may deduce
F

* = ^{-^o{21og(^)-log(/o

+

2a)-I7^y}-poro
(5.14)

+

W24,|(/2+4a2)C2sin20
Jo r \ (I + 2a)2 (/ + 2ce)J J'

a

2

^ l

o s e d e

where r0 and I0 denote the values of r and / at 0 = 7r/2, that is
/ fi2 \ 1/2 nA

^ = (^2 + TJ ' ^ = 2a + m?0 (515)
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W e next make the substitution f = sin 0 and introduce
o fR\2 <• /m-l\1/2

m =

(5.16)

Hc) ' H~) *>

so that r and I become
2 /2
(m-l)(l+77
r = C )V

L =2+

I

a

(5.17)
2

m(m-

1) (I + 77 )'

and, eventually, equation (5.14) becomes
F* =

1 2
4 ^iLU
L C f fm
/m +
+ l\
iy^/ 2 m ( m + l )

n

a-{{—) [(2m + lf

po (m + 1)1/2
+l g
2*/2p
° [-m-+T)
/2m + l\

(5.18)
(2/(m-l))1/2

+

L

(m-l)77 2 (J 2 + 4)
m
d??
2
+' (J + 2) (1 + ??2,1/2
2
(J + 2)
)

[ '

where J = I/a is given explicitly as a function of 77 by
./fa) = 2 +

(5.19)

m ( m — 1) (1 + ??2)

We note that we have made use of the formulae

,r/m + iy/2

^ = 2 +- 1
a m(m + l)'

(5.20)

giving rise to the result

2 log Q|)-log (J0 + 2a)

4a
(Jo + 2a)

f2m(m + l) , /2m + l\
2

(2m+D2

+log

Urr)
(5.21)

W e now introduce functions F(m) and G(m) defined by
'm+l\1/2

2m(m+l)
(2m + l)2

F(m)

+

(2m +1
°S Vm+1
(5.22)

(2/(m-l))1/2

G(m) = [
Jo

(m-l)?7 2 (J 2 +4)
(J + 2)'

m

+ (J + 2)

dr)
(1 + n2)1'2'
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and for more details on (5.22)2 see Appendix A. Using the notation that M and iV
are the values of m evaluated at R = A and R = B respectively, thus

* = *>(£),

*-*»(§)•

(5.23)

F* (R=B) = -F,

(5.24)

Applying the conditions

F* (R = A) = 0,

w e m a y deduce that the constant po is given by

p0

F(M) + G(M)

23/2^

(M+l)1/2

(5.25)

'

and that together with (5.10), the required load-deflection relation can be obtain
from

^

{ (^ri) ^ lF W +G W ] - \F W +G Wl} • (5-26)

From equations (5.22)i and (A.23) w e have
'm + l\1'2

F(m) + G(m) = {^Y~)

Y+l°g 1 + (mm+ 1)
(5.27)
1/2

1,

1+ 2

[4 + - ( ^ l ) 1 / 2
which on substitution into (5.26) gives

4pLC(N + l)1/2
F =

{H(M)-H(N)},

(5.28)

a
where the function H(m)

is defined by
1/2

1

H

log( 1 + 2

=

W 77~T7W2
4(m + 1) '

i + G£r)

1/2

i+^fcrl)

1 , (2m + 1
> - ^TTT:
2V2 log m+1

(5.29)
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For a = 1, Figure 5.3 shows the variation of F/4pL with the non-dimensional
deflection D/A as determined by (5.10) and (5.28). The curves are seen to have the

same qualitative features as the described by [39], namely the stiffness is initially
adequately described by the classical linear theory, until there is a sharp increase
in stiffness, which here arises from the transition from a single-point to two-point
contact. This transition point is indicated on the curves. We note that we may

extend the analysis of this section to include the elastic material, which has respon
function <f>(I) defined by equation (3.35).

5.3 Approximate load-deflect ion relation using

In this section, we consider the problem of the previous section for the more
general material with response function given by equation (3.35), which also admits

(3.29) as a solution to the corresponding equilibrium equations so that the deflectio
given by equation (5.10) remains unchanged. Now from (3.15) and (3.35) we have

4ac2-cl(I-2af2
V ;

(/ + 2 a ) ( / - 2 a ) 1 / 2

which on substituting into equation (3.33)2 becomes

and this can be written in the form

^+a^Cl\^^-^^i\^U+(2(^\R)f

]
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values of B/A.
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On integration of this equation and subsequent substitution into equation (3.33)
we may eventually deduce

(p + a(f)) = Clj-logQ^)--log(J + 2a)}
(5.33)
- a1/2c2tan-M2(J^) rRj+po,

where po denotes an arbitrary constant. Now in order to evaluate F* from equatio
(2.16) we take 0o = 7r/2 and we need expressions for both p and p@. On using
equations (3.35) and (5.33) the pressure function, p, becomes simply

p =

{ilog ( I ) - i log (/ + * . ) -

a

(I + 2a) J

a'

(5.34)
-

f f ^

c2<

+^(a(£)^)U

where I is given by (3.4) and A(G) equals C4/4. In addition, an expression for p

most easily determined from equation (5.31). From this equation and (3.4), (3.13)
and (5.4) we may deduce

» = owf^ (Cl (^ + W) - ^ (I ~ 2°)1/2 (3/ " 2a)l '
2rz (I + 2a)

K

v

(5 35)

'

'

Now, due to the symmetry of the problem equations (3.1), (5.4), (5.13) and (5.35)
yield
2L

F> = ^^ C i r o {l, o g (^)-I,o g (/„+ 2

a

) - ^ 2a)
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2
a(Io-2af'2
, 1/z
wo
: / 4a \ V
c2r0 <
+ a tan" Jn-2aJ > -Po^o
(Jo + 2a)

(5.36)
a2i?2
(J + 2a)

m/2
!
- /0 /-'

C 2 sin 2 0(/ 2 + 4a 2 )
(/ + 2a)'

Jo

+

2
1/2
,1/2
a fl (J - 2a)
(J + 2a)

c2

1/21/2
a C 2 sin2 0 (J - 2a)
(3J - 2a) c o s O d ©
2
(/ + 2a)

where ro and Jo are given by (5.15). We now make the substitution £ = sin0

again introduce the variables m and £ as defined by (5.16). Then from equat
(5.17), (5.20), (5.21) and (5.36) we eventually obtain
p. =

WKrn + l^l

W—

a

+

2a1/2c2

(m(m+l))/
i /n . ,
-NNi/2\
-1
^—i
+r—+ tan (2(m(m+l)) ' )
V
JJ
(2m + l) 2
^ V
>

+

p 0 (2(m + l))1/2
(5.37)

(m - 1) n2 (J2 + 4)
m
+
2
(J + 2)
(J + 2)

1/2

(2/(m-l))

+ Jo

2m (m + 1) , (2m + 1
. (2m +1)' + log m+1

Cl

m (J - 2) 1/2
a^c,
(J + 2)

drj
(m - 1) rj2 (J - 2) 1/2 (3J - 2)
2,1/2
(J + 2)'
(l + ry^J

where J is defined by (5.19). W e now introduce functions F (m) and G (m) defined
by
F(m)

(2a(m+l))1/2

6 H = jf

(2/(m-l))1/2

( m ( m + l)) 1/2 . , _ i / 0 / / , -,NN1/2\
-—
^
htan 2 m m + 1 '
2
V
'
(2m+ 1)

i/z
m(J- 2),1/2
(J + 2)

(5.38)

1/2
(m - 1)n2 (J - 2) i / z (3J - 2) a1/2 d.77
(l + r/2)1/2'
(J + 2)'
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and for more details on the integral (5.38)2 see Appendix B. Now, upon using

equations (5.22), (5.23) and the conditions specified in (5.24) it can be shown
the constant p0 is given by

ci [F (M) + G (M)} + c2 \P (M) + G (M)
Po =

(5.39)

(2(M+1))1/2

Using the constant p 0 the required load-deflection relation can be deduced from
F

=

LC((N

+ 1\1/2 ,

r.

r

~o~ {{ M T T J (Cl [F(M)+G(M)]+C2 [F(M)+G W])
(5.40)

-

(ci [F(N) + G(N)] + c2 [F(N) + G(N)])\,

in conjunction with (5.10). From equations (5.38)i and (B.12) we have

(m) + G(m)

=

a 1 / 2 i(2(m + l)) 1/2 tan- 1 (2(m(m + l))1/2)
(5.41)

+

Itan-f^^!'
2

I 2m-1

which together with (5.26) and (5.40) eventually gives rise to the result

F

=

LC(N+1)1/2
a

|ci [H (M) - H (N)} + a1'2c2 [H (M) - H (N)]}, (5.42)

where the function H(m) is defined by (5.28) and H (m) is given by

H (m) = 2'/* tan"' (2 (m (m + I))1'2) + ^^p tan"' (^^) . (5.43)

Evidently, (5.42) coincides with (5.27) when c\ = 4p and c2 = 0. For

Figure 5.4 shows the variation of F/4pL with the non-dimensional def
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as determined by (5.10) and (5.42) and we note that as the ratio c2/ci is increased
the slope of the curve becomes steeper. Figure 5.4 also shows that transition appears

to occur at a constant D/A ratio which is quite unlike the effect shown in Figure 5.3.
Again the general features of these curves have the same qualitative characteristics
described by [39].

5.4 Conclusion
Based on new exact solutions for finite plane elastic deformations of isotropic
incompressible materials given by response functions (3.7) with n = 2 and (3.35)
respectively, we have formulated approximate load-deflection relations (5.10), (5.28)

and (5.42) respectively, for the problem of a hollow circular cylindrical cross-sectio
compressed uniformly along its length by a pair of plates. These relations are approximate load-deflection relations in the sense that the boundary conditions of
stress are satisfied in an integral sense.

Chapter 6

Application of eversion solutions

6.1 Introduction

Rubber-like materials are capable of undergoing large deformations and yet have
the capacity to return to their original configurations when the applied loads are
relaxed. As discussed in earlier chapters, such elastic materials are modelled as
homogeneous, isotropic and incompressible and are often referred to as simply per-

fectly elastic materials. The non-linear theory of perfectly elastic materials allows
for deformations which are truly "finite", in the sense that the formal mathematical
solution does not allow for any intermediate deformation which is close to either

the identity deformation or the "linear" elastic solution. In other words, there exist
deformations which appear to "jump" from the circumstance of no deformation to a
large deformation, without passing through the linear elastic regime. The eversion

of a circular cylindrical tube by turning it inside-out and the eversion of a spheric
77
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shell by making a cut, are two familiar examples of such deformations which ap-

ply to all perfectly elastic materials (see, for example, Eringen [11], pages 194 and
182, respectively). In addition, the bending of a rectangular block into a sector of
a right circular cylindrical tube and the inverse deformation describing the flexure
of an initially curved cuboid into a rectangular block are two further examples of
such deformations (see Eringen [11], page 186 and Ericksen [10]). In this chapter
we examine two further deformations of this type involving the eversion of a sector
of a circular cylindrical tube. They differ from those presented previously in that
the deformation involves more than one independent variable and they apply to
particular elastic materials.

In Chapters 3 and 4, certain new exact finite elastic deformations involving
the non-symmetrical inflation and eversion of circular cylindrical rubber tubes were
deduced, respectively. In Chapter 5 the solutions corresponding to inflation were

exploited to deduce the load-deflection relation for the lateral squashing of a hollo

circular cylindrical tube. In this chapter we provide an application for the eversion
solutions of Chapter 4. We examine the problem of bending a sector of a circular cylindrical tube, for which we assume that we may replace the requirement of
pointwise vanishing of the stress, by the requirement that the average forces and
moments be specified.

These solutions do not apply to a complete cylindrical tube because the argument of the square root in (4.37) can become negative. Here, for the problem of

plane strain bending of a sector of a circular cylindrical tube, we seek to determine
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non-symmetrical deformations of the form given by (4.37) such that certain force
resultants, acting over circular arcs, are prescribed. These resultants are the nett
forces U and V acting over the inner and outer cylindrical surfaces, R = A and
R = B, respectively. In addition, we examine the axial force, W, acting over each

plane cross-section (Z = constant), the resultant force, S, acting in the ^-direction
on each of the slanting surfaces (0 = ±0O) and the resultant moment, M, also
acting on each of the slanting surfaces (0 = ±©o).
In Sections 6.2 and 6.3 we summarize the solutions applying to (4.37) derived in
Sections 4.6 and 4.7 respectively, giving results for both the Mooney and modified

Varga strain-energy functions. We also give expressions for various resultant forces
and moments. In Sections 6.4 and 6.5 we determine numerical values of the various
constants obtained by setting three force resultants to zero and we show our results
graphically. We comment here that a related problem for the eversion of a spherical
cap is examined in Hill [17].

6.2 Eversion of a sector for the Mooney mater

In this section we consider a sector of a circular cylindrical tube of length L
and of inner and outer radii A and B respectively, as shown in Figure 6.1. The

majority of exact finite elastic deformations which apply to particular finite elast
materials can be used as approximate solutions of specific problems. These solutions
are approximate in the sense that the pointwise prescription of the stress vector is
assumed to be replaceable by prescribing force and moment resultants. We assume
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Figure 6.1: Force and moment resultants referred to the undeformed body (U

V + 2S).
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a deformation of the form (4.37) is applicable where the constants in the solution
for f(Q) given by (3.17) are chosen as follows

d =

k

TT

e =

(6.1)

2'

such that /(0) with the appropriate symmetries is

f(G) = k cos 2 ©,

(6.2)

where k is an arbitrary constant. Note that the deformation given by (4.37) and
(6.2) is only well-defined provided that
aB2
cos2 0

k>

(6.3)

From equations (2.16) and (4.47), the resulting force, F*, for the deformation given
by (4.37) and (6.2), on a circular cylindrical sector of radius R and subtended by
angle 0 is
kL sin 0o
ar0

+

H° §) ¥(•-(£

+

2porp
k

(6.4)

where ro is the value of r evaluated at 0 = 0 Q . Further from (6.4) and (2.17) the
resultant forces U = F*(R = A), V = F*(R = B) and W become

kL sin 0o

U

ar0A

v=
W

kL sin 0o
ar0B

+

M* §)
+

l9r2
Ar

0A

l - l o g ^

k
~9r2
zr
0B

{*X §)

k

1-log

'OB
2

B

-1 + 2por~oA } (6.5)

k j

+ ^ 1 , (6.6)

= -2a{f O (2(c 1 + g)(r 2 logr,-r 2 log^)- f e (c 1 -§)log(^))d0
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+

+
where

2 Cl+

K §)(

Po

Ci

a'
TOA

and

T*OB

B2l0gS A2l0gA

-

i e,x-

f

a

l0g

)-^ (I

-))(B2-A2) e 0

(6.7)

,

denote ro at R = A and R = B. Similarly, r^ and rR are the

values of r at i? = A and R = B, respectively.

The resultant force S given by (2.18) acting in the conventional ^-direc
the slanting surface given originally by 0 = 0o becomes
_ Lsin0o/ . /„ , C2\ [ (r0B\2 fr0A\'
S = —^-|-2a
( d + ^ ) [r0B log [—)

fc /ypg - ^0A

- r0A log (-^-J

2 V roA^os
(6.8)

-

(TOB

- r0A) + Po (roB - r0A)

From (2.19) the resultant moments, M, acting on each of the surfaces at 0 = ± 0 O

are
M

- 4-<C.+ § ) { - ( I M T ) - ^ T H ( * - * )

- /^(IS+WSHP-*)}For this material it happens that the conditions

u = 0,

V = 0,

W = 0,

(6.10)

are sufficient to determine the unknown constants a, k and p 0 but this turns out
not to be the case for the Varga material. This scheme produces an approximate
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solution to the problem of the bending eversion of a sector of a circular cylindrical
of a tube by end couples alone. In this instance S = 0 which is necessary in order

that there are no nett forces acting on the sector. A further numerical treatment of
this case will be carried out subsequently in Section 6.4.

6.3

Eversion of a sector for the Varga material

In this section, we consider the same deformation of the previous section, that is
(4.37), but for the modified Varga material. In this case we choose e = 0 in (4.53)
such that /(0) becomes

/ ( 0 ) = dsec20,

(6.11)

while the pressure function is given by (4.53)2. Note that the deformation given by
(4.37) and (6.11) is only well-defined provided

d>a£2cos20.

(6.12)

Moreover, from (2.16)-(2.19) the resultant forces and moments can in this case be
shown to become

U =
V =

2L ( (
C*\
\
(-a (Ct + -±\ A+poroA) sin0o,
2L

(6.13)

(-a \C{ + — J B+poroBJ sin0o,

(6.14)

a
1/2

W

5)"'
2
2
— a (B - A ) (p0 - ^ + aC^j 0o,

sin

a

A

ae,

J.
(6.15)
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L sin 0 O f
/
Co\
S = — ^ {-« (CT + ^)(B-

M

84
~)
(TOB - r0A)} ,

A) +Po

[X^?)H^

= Ll

(6.16)

1/2
-l

sin

a
,/(@o),

£
(6.17)

1/2

—

sm

-I

a
J(©o)

^

2
(TD2
- A 2)
+ (Bf0B ~ ATQA)) + PO (B

For this material and for 0 < 0 O < 7r/4 it is not possible to determine the

unknown constants from the conditions (6.10). From (6.13) and (6.14) it is cl

that in order to solve for the unknown constants a, d and po we cannot suppos

that the resultant forces U and V simultaneously vanish. Instead for this mat
we consider the related problem

(7 = 0, V = F, W = 0, M = 0,

(6.18)

where we suppose F is prescribed. A further numerical treatment of this case will
be carried out subsequently in Section 6.5.

6.4

Numerical results for the Mooney material

For the numerical results we introduce the non-dimensional variables

1 = R
e=0o

k*

A
A

5=

2

B
A'

(6.19)

and from the condition U = 0 we may deduce that the constant po is given by
k*
po = - 2 a ( c 1 + ^ f ) | l - l o g 7 i

WA

(6.20)
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From (6.20) and V = 0 w e obtain

21og(4)+"**(l-s)^T
\TA)
v 52;7^7|

o,

(6.21)

where ^A and 75 are given by

7 A = ( V cos2 0 O - a )

1/2

,

\ 1/2

fc*

7 B = I — cos2 0 O - a

(6.22)

Solving equations (6.20), (6.21) and the condition W = 0, we are able to solve for
the unknown constants a, k and po- For various values of B/A numerical results

are presented in Table 6.1 for the case of 0o = 7r/3. It is apparent from the tab
that for increasing B/A, a decreases monotonically while both k* and po increase

B/A

a

k*

1.10

1.028

1.15

1.027 14.308 61.635

1.20

1.025

15.002 61.833

1.25

1.022

15.718 62.071

1.30

1.020

16.455 62.342

1.35

1.017 17.213

1.40

1.014

17.993 62.964

1.45

1.010

18.794 63.306

1.50

1.001

19.616

2.00

0.973 28.968 67.684

Po

13.635 61.483

62.641

63.665

Table 6.1: Values of a, k*, and p 0 for various values of B/A.
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monotonically. The a values given in the table show that the thinner tub
in the z-direction, while the thicker tubes (B/A > 1.5) expand. Figures

6.3 show the actual deformation of the circular cylindrical sector for t

material as given by (4.37) and (6.2) for B/A = 1.2 and B/A = 1.4, respe

both cases the sector has turned inside out resulting in the radius of t

body to increase and the thickness to significantly decrease (note the d

used for the deformed and undeformed configurations). Figure 6.4 shows th

ation of M with the non-dimensional variable k* as determined by (6.9), an

note that initially there is a sharp decrease in the moment and that eve

becomes negative for extremely thick tubes. From the table and Figure 6.
clear that under the conditions U = V = W = 0 and M ^ 0 it appears that

is easier to deform an initially thicker cylindrical sector than a thinn

however that there is also an expansion or contraction in the z-directio
also to be taken into account.

6.5 Numerical results for the Varga material

For the numerical results for 0O such that 0 < 0O < TT/4, we introduce th

non-dimensional variable d* = d/A2, and use the non-dimensional variable

by (6.19) such that from the condition U = 0 the constant p0 is given by

po = a (C{ + S) -!, (6.23)
V

a J 7A

while from (6.23) and V = F we obtain

Chapter 6. Application of eversion solutions

87

T—I

II

la
T3

£

«3

(-1

a

CD

o
o

CU

T3

CD

a
o
•

i—<

a
<v
T3

13
S3
-u

o
<
CM
CO
CD
(-1
S3

T3

a
'cd

fafi
fa

Chapter

6. Application of eversion solutions

88

i—I

II

S-l

cu
i-

a
cu

a
m
cu
cu

c
o
ocu
o
(-1

.2
cu
T3

13
S3

o

<J
CO
CU
(H

S3
bC

fa
T3
CU

s
cu
S3

Chapter 6. Application of eversion solutions

89

200-

150-

100-

*

Figure 6.4: Variation of M with k* as given by (6.9) for four values of B/A and a
as given by Table 6.1.
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where 7 A and js are given by
( d* \ xl2
•

IA = (d* sec 2 0 o - a)1'2,

7s

= f — sec 2 0 o - a j

.

(6.25)

We note that from (6.16) and (6.19) we see that as expected, the resultant force, S,
becomes

S = ^f^ {_„ (cj yf)(S- 1) 4-P„ (*7S - 7A)} , (6.26)

and therefore in this instance S = -F/2 where F is given by (6.24) and (6.25). This
is of course necessary in order that there are no nett forces acting on the sector.
Solving equation (6.18) we are able to solve for the constants a, d* and po
provided that the condition d > aB2 is obeyed. This occurs for values of B/A <
1.325. This condition must be obeyed in order for the integral W given by (6.15) to
exist at the point 0 = 0. For various values of B/A numerical results are presented
in Table 6.2 for the case of 0o = 7r/6. For this problem it is clear from the table

that a and d* increase monotonically with increasing thickness whereas po decreases
monotonically. The a values shown in the table indicate that the contraction in
the z-direction increases with increasing thickness. Figures 6.5 and 6.6 show the

actual deformation of the circular cylindrical sector for the Varga material as giv
by (4.37) and (6.11) for B/A = 1.1 and B/A = 1.3, respectively. Figures 6.7 and 6.8
show the variation of F/2AL with the non-dimensional variable d*. We note that F
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B/A

a

1.05

1.302

2.000 12.489

1.10

1.318

2.078 12.332

1.15

1.335

2.156

1.20

1.352

2.238 12.041

1.25

1.370

2.323 11.908

1.30

1.391

2.415

1.315

1.398

2.445 11.756

1.325

1.404

2.468 11.740

d*

Po

12.183

11.787

Table 6.2: Values of a, d*, and po for various values of B/A.

approaches constant values for extremely large values of d* which are well beyond

the values given in the table. Figure 6.8 shows that the force F is virtually consta
as d* increases. From the table and Figures 6.7 and 6.8 it is clear that under the
conditions U = W = M = 0 and V ^ 0 again it appears to be easier to deform
an initially thicker cylindrical sector than a thinner one, noting however that for
thicker tubes the contraction in the z-direction increases which must also be taken
into account. These curves are reminescent of the leveling of the load-deformation
curves shown in Figures 2.5 and 2.6 for the Varga materials in simple tension and
equibiaxial tension for large strains. In fact the maximum value of

A =

d

R

-a +J2 2 cos20

1/2

(6.27)
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arises for R = A and 0 = 0, thus

\maX = (-a + d*)1/2. (6.28)

The variation of Xmax with d* is shown in Figure 6.9 for three values of B/A. From

the figure it is clear that for those values of d* given in Table 6.2, Xmax is less
2 and therefore the strains involved here lie within the range for which the Varga
material is physically meaningful.

6.6 Conclusion
For two distinct exact plane strain solutions applying to the Mooney and Varga
elastic materials, we have examined specific problems on the assumption that pointwise stress boundary conditions can be replaced by average or integral conditions.

For the Mooney material we solve the problem of the bending eversion of a sector of
a circular cylindrical tube by end couples alone (U = V = W = 0 and M^O). For

the Varga material we solve the same problem of bending eversion by the application
of non-zero forces on the outer cylindrical surfaces (U = W = M = 0 and V ^ 0).

For both problems the numerical results for either the applied moment or the applie

load appear to indicate that it can be easier to achieve the desired deformation fo

thicker cylindrical tubes than for thinner ones. Although at first sight this appear
to be physically counter-intuitive, we also have to take into account that for both
problems an extension or contraction in the z-direction has also to be effected.
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(-a + d*)1/2 with d* for the Varga material for

Chapter 7

The determination of all solutio
of (3.1)

7.1 Introduction

In this chapter, for a certain family of non-symmetrical plane strain deformations
for hyperelastic materials, w e determine every strain-energy function which gives
rise to a non-trivial deformation of this type. A previously obtained solution for
the M o o n e y material and several recently obtained solutions applying to special
strain-energy functions are all shown to be deduced from a general formulation.
In addition, a n e w solution is derived here, also applying to a particular strainenergy function. T h e purpose of this chapter is to demonstrate that for physically
meaningful response functions no further exact solutions of this type exist.
In terms of material and spatial cylindrical polar coordinates (R, 0 , Z) and
98
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(r,9,z) respectively, the most general plane strain deformation is (2.9), namely

r = r(R,G), 9 = 9(R,G), z = Z/a. (7.1)

For an incompressible material such that 9 = 0, (7.1) takes the particular form
r = (aR2 + J(0))V2, 9 = Q, z = Z/a, (7.2)

as given by (3.1) where a is a constant and /(0) denotes a function of 0 only.

For perfectly elastic materials all strain-energy functions admit the solution f(Q)

constant, which corresponds to the well known solution for the symmetrical inflatio

of a long circular cylindrical tube. For the perfectly elastic Mooney material Hill
[20] derived the exact solution,

/(0) = cJ[l + sin(20 + e)], (7.3)

where d and e denote arbitrary constants. A number of further exact solutions

applying to special strain-energy functions including the Varga elastic material we
derived in Chapters 3 and 4. For these special strain-energy functions we showed
that different solutions apply depending upon whether a is positive or negative,
namely inflation (a > 0) and eversion (a < 0). This seemingly counter-intuitive
result arises because for these special materials the response function depends on

the quantity I + 2\a\ where J denotes the strain invariant of the deformation (7.2).
Accordingly, for a > 0 and a < 0 there is a different functional dependence on I,
which gives rise to different solutions for the two cases.
Exact inflation solutions of the form (7.2) are particularly important, because

they can be readily utilized to solve important engineering problems. The solutions
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given by [20] and in Chapter 3 have been exploited respectively, to deduce loaddeflection relations for the two problems of squashing half and full cross-sections
circular cylindrical tubes. They are in excellent agreement with known experimental

behaviour, and moreover generate considerable insight into the transition from 'onepoint' to 'two-point' contact. The eversion solutions given in Chapter 4 have been

used to examine the problem of plane strain bending a sector of a circular cylindric
rubber tube. Accordingly, it is of some considerable interest to determine whether

or not there exist further special strain-energy functions for which exact solutions
for /(0), may be determined. We show here that other than those solutions given
by Chapters 3, 4 and [20] the only exact solution for f(Q) is given by

/(0) = Kef*, (7.4)

where (3 and K denote arbitrary constants. This solution applies to the strain-energ
function, which has response function defined by (7.24).
The majority of the governing equations for plane strain deformations of perfectly
elastic materials used here, are presented in Sections 2.5 and 3.2, and will not be
repeated here in full. However, in the following section we present a brief account

some of the key results of Sections 3.5, 3.6, 4.3 and 4.4 including the new solution
and strain-energy functions to which they apply. We also include the basic equation
(7.13) for /(0) which is derived from (3.14) using MAPLE. In the final section we
analyse (7.13) and show how the various known solutions emerge and demonstrate
that the remaining additional case gives rise to the new exact solution (7.4).
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7.2 Some theory and known results
For a homogeneous isotropic hyperelastic material with strain-energy function
£ (J) and the response function (f)(1) = 2<9£/<9J, the strain invariant I for the
deformation (7.2) is given by

' = 2« + ^|. (7.5)

where the function A(0) is defined by

*, r

A(G) = f2 + ~-,

(7.6)

and primes throughout denote differentiation with respect to 0.
A s shown in Section 3.5 the Varga elastic material has response function

w

" (TTS^F' (77)

and for a > 0 there are no non-trivial solutions for J(0), but for a < 0, /(0)
satisfies

+c (7 8)

K^)'^ - -

where c denotes an arbitrary constant of integration. Further solution details are
provided in Section 4.3. Moreover, for the elastic material with response function

*"> = ITTW (7-9)
which is simply (3.7) with n = 2, we showed in Section 3.6 that for a > 0

/(0) = dsin(20 + e),

(7.10)
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where again d and e denote arbitrary constants of integration. While for a < 0,
/(0) (see Section 4.4) satisfies

/ +iogA=! +c (7 n)

0'

f' -

which appears not to admit further simplification. Nevertheless for these special
strain-energy functions, at least in principle, non-trivial solutions for /(0) may

determined and in the case of (7.8) and (7.11) involve three arbitrary constants of

integration. We note that for a > 0, (7.10) can be shown (see Section 3.6) to apply
to the more general response function
,(n __El c2(J-2a)1/2 , v
0(/)=

(7T^)+ (J + 2a) '

(7 12)

-

where C\ and c2 denote arbitrary material constants.
For all a, these solutions are obtained by eliminating p + cKJ) from the equations
(3.14) which are
( A\ °^- - ^ -l afA' d4>
{P + a<P)R ~ 2r2R~

rAR

+

2r4i?3dJ'

a(f)f' X (A' Af\ aA'(2aR2 + f) d(f)
(P + a0)e = -?T + 2Jp\^- r4 J r4#2 dV

where p denotes the pressure function and x(J) is defined by (3.15)
x(/)

= 0 + 2(J + 2a)^.

On eliminating p + a(f) we may using MAPLE (see Appendix D, Program
mately deduce the general equation
a

16

d(f) 2AB'(f)
f'B'
/
f\B .?C
^
+
A + l
+/
32B + 1-J- + 6CdZ+~ffT
(
4 A A C d£ 2
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9<2 d V , ^dci)

+ 2B

= °>

(7.13)

where £ = / - 2a = A(S)/(rR)2 and A(0), 5(0) and C(0) are all functions of 0
only, such that

A(®) = f2+f-, A'(Q)=f-(f' + 4f),
(7.14)
B(G) = 2ff" + 4/2 - f\ B'(S) = 2/ (/'" + 4/'), C(0) = f + 4f\

The differential equation (7.13) involves the two independent variable

We show in the following section that all the known solutions for /(0)
circumstances for which (7.13) reduces to a well-defined differential
of these independent variables.

7.3

Special solutions arising from (7.13)

The solution (7.3) arises from the case B(@) = 0, where the differentia
(7.13) becomes simply

f2e d2d> dd>

for which <fr(£) = constant is clearly a solution. However, there are n

response functions for which (7.3) is an exact solution, since for this

require /' /A to be a non-zero constant, which is not the case. Assumin

B(Q) is non-zero, we see that (7.13) becomes a well-defined differentia
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(j>(£) if there exists constants ki, k2 and fa such that

16^A + ^

B

+ f2C = k1AB,
(7.16)

f'B'
16B + ^+3C

= k2B,

A Ft'
—
= faf'B,

in which case, (7.13) becomes

«(4« + a*1)g + 2(5£ + O*s1)g + 2(l + ^)* = 0. (7.17)

However, in order to obtain a non-trivial solution for J(0), this function mus

all three constraints (7.16). On eliminating B' and C from (7.16) we obtain, af
cancelling through by B (assumed non-zero)

faf - (k2 - 4) Af + 3 (A* - 16) A2 = 0. (7.18)

Thus equations (7.16) are consistent either if the values of the three constan
k2 and £3 are such that

fci = 16, fa = 4, fa = 0, (7.19)

or solving (7.18) as a quadratic in f2/A, which means that /'// = constant and
therefore we obtain the solution (7.4).
In the former case we may show that the values given by (7.19) apply to the
solution (7.10) and the differential equation (7.17) becomes

2

£ (£ + ^) ^ + (5£ + 4a) ^| + 0 = 0. (7.20)
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By making the substitution <f> = if>/(£ + 4a) this equation can be integrated to

««=ii)' (™)

where ci and c2 denote arbitrary constants of integration. Clearly, equation (7.21
coincides with the known expression (7.12).

In the latter case, that is if /'// = consstant, the solution (7.4) implies consta
fa, fa and fa as defined in (7.16) take the values
fa = fa = 4 ((32 +4), fa = i(/52 + 4), (7.22)

and equation (7.17) can be shown to become

4£(£ + 7)0 + 2(5£ + 47)^| + (2 + £j</> = 0, (7.23)

where 7 is the constant a({32 + 4). On making the substitution <f) = tfi/Z1/2, this
equation can be integrated to yield

m = Cl + C2'y("/2)), (7.24)
where 77 = sinh-1(£/7)1//2. On noting that £ = J—2a and for a physically meaningful

material, we require the response function to remain finite; so the solution (7.4)
strictly speaking, only sensible for a < 0. By the same argument (7.12) is only
sensible for a > 0, which is the context in which it was first derived.
The special exact solutions for a < 0, noted in the previous section, arise from
(7.13) assuming that the response function <^(£) satisfies

^g + ^ = 0, (7.25)
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which has the general solution

m = ciC1/2 + c2C1. (7.26)

Clearly the strain-energy functions (7.7) and (7.9) for a < 0 arise respectively,

the special cases c2 = 0 and C\ = 0, noting that £ = I — 2a. In the first case, wh
c2 = 0, equation (7.13) simplifies to yield

(u2 + 4) (u" + uv!) = 3uu'2, (7.27)

where u = /'//• This equation can be shown to coincide with the differentiated
equation arising from (7.8). Similarly, in the second case, when c\ = 0, equation
(7.13) can be simplified to yield

(/'" + 4/') (Y ~

2/2

)

+ 3/

(^

+

^

= f

~A U"

+ 4/)2

'

(

which after some re-arrangement can be shown to coincide with the equation arisin
by differentiating (7.11).
We note that the same solutions for (7.7) and (7.9) for a < 0 given in Sections
4.3 and 4.4 also apply for a > 0 and the respective response functions

«"-(F=£p ^ " A -

(7 29)

'

but notice however, both are non-physical in the sense of being infinite at the identity
deformation.
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7.4 Conclusion
For plane deformations of the form (7.2) of perfectly elastic incompressible ma-

terials, we have shown that all the presently known solutions for /(0) emerge from
the single equation (7.13). Moreover, we have deduced a new solution (7.4) which
for a < 0 has response function (f)(1) defined by
rht T\ - ci+ ^2 log (tanh (77/2))
W ) -

(/_

^1/2

»

i7-^

where n — sinh-1 ((J - 2a) /j)1^2. Essentially, equation (7.13) has the structure
^A,(0)^(£) = O, (7.31)
i=l

where the eight functions Aj(0) and <&(£) (i = 1,...,4) may be determined by
inspection of (7.13). A non-trivial solution for /(O) exists if and only if (7.31)
degenerates into a well-defined ordinary differential equation for either /(0) or

It can be readily verified that no further solutions arise when three of the </>i
constant multiples of the remaining <&(£). Thus for example, it is not possible to
determine constants l\, l2 and £3 such that

<M£) = hMO, HO = hMZ), <M£) = hMZ), (7-32)

and this is also the case for the three other possibilities. Accordingly, it remai

to consider the four corresponding situations for the four Aj(0) functions. One of

these has been dealt with in the previous section; namely the solutions arising fr
(7.16). A detailed examination of each of the three remaining cases shows that in
each case no new solutions emerge. Accordingly, we have determined every possible
non-trivial /(0) for all physically meaningful response functions (f)(1).
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Some considerable insight into the results obtained here for a > 0 can be obtaine

by examination of the linear elastic solution corresponding to (7.2). In the case o
a = 1 and assuming /(0) is sufficiently small (7.2) becomes

r«fl+^, 9 = 0, z = Z. (7.33)

Now for an incompressible elastic material, the linear displacements are determine

from a potential $(R, 0) which satisfies the biharmonic equation, and it is a sim
matter to show that the most general 'linear' /(O) is given by

/(0) = Ai sin 20 + A2 cos 20 + A3, (7.34)

where Ai, A2 and A3 denote three arbitrary constants. Now for a > 0, any exact
'non-linear' /(0) must also be a bonafide linear elastic deformation. Thus (7.34)

firms that for a > 0 the only known finite elastic deformations are /(0) = consta
(7.3) and (7.10), all of which are evidently embodied in (7.34).

Chapter 8

Conclusion

In this thesis we extended our knowledge of finite elastic exact solutions for both
inflation and eversion problems by obtaining new solutions and applying these to
simple practical problems. In particular, problems such as the squashing of a long
hollow circular cylindrical rubber tube and the bending eversion of a sector of a
circular cylindrical rubber tube were studied.
For the former problem we were able to derive an approximate load-deflection relation that agreed with experimental results including predicting a transition from

'single-point contact' to a 'double-point contact' for two particular materials. Such
phenomena is a direct consequence of the characteristics of the new solution and
corresponds to an important feature of experimental results. The approximate

load-deflection curves derived using finite elasticity have significant advantage ov
the conventional engineering approximations deduced from using the "shape factor"
method. The main advantage is that the finite elasticity approach provides informa109
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tion on the pointwise variation of stresses and deformation throughout the rubber
tube. Moreover the shape factor approach is dependent upon the existence of a
substantial body of experimental results.

For the latter problem two different mechanisms were utilized and in both cases

we calculated expressions for various resultant forces and moments acting on a circu-

lar cylindrical rubber sector. One case consisted of everting a sector by end couples
alone while the second case applied a load to the outer cylindrical surface. Numeri-

cal values of various constants in the solution were obtained for these two problems.
As the sector turned inside out in both instances, the radius of the deformed configuration increased while maintaining a major reduction in the thickness.
All problems presented in this thesis are considered to be approximate solutions
of mixed boundary value problems of finite elasticity as these solutions are approx-

imate in the sense that the pointwise prescription of the stress vector is assumed to
be replaceable by prescribing force and moment resultants.
In conclusion for a particular plane deformation of perfectly elastic incompressible materials it was shown that all presently known solutions emerged from a single
equation formulated here. This formulation also produced a further new exact solution for eversion. Future work will involve investigating this new eversion solution

for possible applications as well as determining the special form of the strain-ener
that admits this solution from the response function. Ultimately the determination
of such solutions is of great importance. Some have already been exploited to solve

important engineering problems such as the squashing of half and full circular cylin-
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drical tubes. Table 8.1 demonstrates the only possible solutions for the particul

£

Solutions

allS

/(O) = constant

Mooney
a>0

/(0) = d[l + sin(20 + e)]

a<0

/(0) = d[\ + sin(20 + e)]

Varga
a>0

no non-trivial solutions /(0)

a<0

^§ = 2 + csecp.
For c = 0, /(0) = dsec(20 + e).
For c ^ 0 and 5 > 1, / (0) = d (cos p + 5)"1 where

P ~ W%F*tan_11 (fcOV2tan (f) } = 20 + e,
n = 2
/(0) = dsin(20 + e)

a>0
a<0

/ ( 0 + logA = ^ + c.

special £

a<0

/(0) = Kef*

Table 8.1: Only solutions for the deformation (3.1).

plane deformation
r = (ai?2 + /(0))1/2, 9 = 0, z = Z/a.
No further exact solutions of this deformation exist.

Appendix A
Evaluation of the integral G(m)
defined by (5.22)2
O n noting that (J2 + 4) = (J + 2)2 - 43 it is clear from (5.22) that w e need to
evaluate the following three integrals,
n2dn

y*
1

h (1 + n2)1'2
/•' lh

h = -4(m-l)[
2

K

r
u

J'

^

m,

2
2
/O (J
+ 2)(J
(i+ r-77
' JO
0\2)' 1 4-772^2'

(A.l)

dy

?

= m

7775-,
2 1/2

Jo (J + 2)(l + 77 )
where for brevity / denotes (2/(m - 1))1/2 and J is defined by (5.19). In order to

evaluate h we first perform an integration by parts and then make the substitutio
77 = sinh0, (A.2)
to obtain

h = (m- 1)

'(*+<]-JC< 1+ *) I H
112
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which eventually simplifies to give
2
m + W'
2 'I

h

(m - 1), h^ + im + l)1'2'
log
2
-1
( m - 1)V2

(A.3)

The integral J3 is the next simplest to evaluate and on making the substitut
we may deduce
m2 (m — 1) f rl
d9
d9
h =
+
- 1) [Jo
2(2m-l)
[Jo (2m-l)-tanh0 'Jo
Jo (2m-l) + tanh#

(A.4)

where the upper limit I* denotes sinh-1(Z), thus
1/2

/* = sinh-l

.
IOg

,m — 1,

/21/2 + (rn+1)1/2^

(

(m-lf2

(A-5)

In order to deduce an expression for (A.4) we need to evaluate the indefini
d#

r

=

/-

J a

+ tanh#'

(A.6)

where a denotes an arbitrary constant. Thefinalresult (A.7) is clearly singular

for a = ±1. However, the integral (A.6) can be evaluated immediately for bot

these two special values and therefore we assume a^±l. On simplifying (A.6)
making the substitution x = e26 we obtain
(x + 1) da;
r
[(a + l)x + (a-l)Y
2 J x\(a
which using partial fractions integrates to give

= -[ —

9
(a-I)

d9
J a + tanh0

1
log (a + l)e20+ (a-l) + constant.
(a - 1)
2

(A.7)

O n using this result we m a y deduce from equation (A.4) the result
m

log

V / 2 + (m+l)1/2'
(m - 1) 1 / 2
(m-l) 1 / 2 (l + (2(m + l))1/2)

+

(2m - 1)

log

(2V2m+(m+l)1/2)

(A.8)
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In order to evaluate I2, J in the numerator is expressed as (J + 2 - 2) so that
we have

h = - 4 (m - 1) [J21 - 2/22],

(A.9)

where the two subsidiary integrals are defined by
n2 dn
/
'21 =
'0
(J + 2) (1 + ^
Jo

I22- ~ J
Jo Q

>

rf dn
( J + 2)2 (1 +

^1/2

(A.10)

In order to evaluate the first of these we make the substitution (A.2)
sinh26> d<9

ri

hi = m (m - 1) /
2
(2m - iy - tanh2/)'
9
Jo

(All)

which we write as
i*
cosh2^ 6.9
72i = m (m - 1) /
2
2
Jo(2m - l) - tanh 9
(A.12)

d9
—m (m — 1) /
2
Jo (2m - if - tanh 9'
Now the final integral arose in the evaluation of ^3 and from (A.4) we
final entire term becomes simply minus /3/m. For the first integral
cosh20 d#

r*
i

21

Jo (2m - l)2 - tanh2 9'

we make the substitution y = tanh 9 so that the integral becomes
-L*

dy
T*
L

2\

Jo (1(1 -

(A.13)
y2)2 ((2m - l)2 - y2) '

where L* denotes tanh_1(r). On evaluating this integral using MAPLE and
fying the result we may eventually deduce
T*
l
21

=

(m-l)1/2(l + (2(m + l))1/2)

1
16m 2 (m — 1)'

(2m - 1)

log

(2V2m+(m + l)1/2)
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(2m2 - 2m - l) log

2V2 +

( m + 1) V2

+ 2m(2(m + l))1/2 >. (A.14)

(m-1) 1 / 2

From this equation and (A.8) we obtain
( m - 1)^(1 + (2 (m+1))1/2)

1
(21

16m (m — 1)

(2m - 1) log
(2i/2m + (m+l)1/2)
(A.15)

+

(2m2 - 2m + l) log

2l/2

+ ( m + 1)V2

2m(2(m + l))1/2

(m - l)1'2

In order to evaluate the integral I22 defined by (A. 10)2, we obta
substitution (A.2),
/22 = m2(m-

sinh20 d9
l)2 /
2'
Jo (2m - l)2 - tanh2 9

(A.16)

Now from (A.11) and (A.15) we may deduce that the integral J*(m)
sinh20 d9
(m)= /
J"
2
o (2m - ly - tanh2/)'
9
Jo

(A.17)

is given by the expression
1
J*(m) =

(m-l)1/2(l + (2(m + l))1/2)
16m2 (m — 1)'

(2m - 1) log

(2 1 / 2 m+(m + l)1/2)
(A.18)

+

2

(2m - 2m + l) log

2i/2 + (m + l)1/2
(m-l)

1/2

-2m(2(m + l))1/2

But on formally differentiating the integral J*(m) given by (A.17
dJ* .,„ ^ (l* sinh20d0 2i/2(m + l)1/2

dm

= -4(2m-l) /
2
2
Jo (2m - l) - tanh 9

-i"\3/o

i 1\2'

(A.19)

(m — 1) (2m + 1)

where thefinalterm arises by differentiating the upper limit /* with respect to m.
Thus, in principle, we may utilize (A.19) to deduce an expression for the integral
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arising in (A. 16). Now on differentiating the expression (A. 18) we may eventually
deduce
2V 2 (m + 1) 1/2
(m - l)3 (2m + 1):

dJ*
dm

(m-l) 1/2 (l + (2(m + l))1/2)
(3m2 - 3m + 1)
log
8m 3 (m - l)3
(2i/2 m +(m + l)1/2)
(A.20)
2V2+ ( m + 1 )l/2
(2m - 1) (m2 - m + 1)
8m 3 (m-l) 3
° g (m-l)1/2

21/2 (m + 1) 1/2 (2m - 1) (2m2 + 2m + 1)
4m 2 (m - l)3 (2m + l)2
so that from this equation and (A.19) we obtain
2l/2

sinh2 9 d9 (m2-m + 1)

L

0

[(2m - l)2 - tanh2 o]

32m 3 (m - 1)

log

+ ( m + 1)V2

(m-1)1/2

(m-l) 1/2 (l + (2(m+l)) 1/2
(3m2 - 3m + 1)
log
32m 3 (m - l)3 (2m - 1)
~~ (2i/2m + (m+l) 1/2 )

+

(A.21)

2i/2(m + l)1/2(2m2 + 2m + l)
*2
'
16m 2 (m - l)3 (2m + 1)'

and from (A. 16) we may readily deduce an expression for 722. From (A.9), (A.15),
(A. 16) and (A.21) we obtain
2 l/2 +

(m-1)

h =

log

(m + 1)V2

(m-l)1/2

2 1 / 2 m(m + l) 3/2
(2m+1)2
(A.22)

+

(m-l) 1/2 (l + (2(m+l)) 1/2 )
(m-1) 1
4(2m-l)l0g
(2i/2m + (m+l) 1 / 2 )
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From equations (A.3), (A.8), (A.22) and

G(m) = h + I2 + h,
we may finally deduce

1

G(m) = -log

2 l/2 +

(m + 1)V2

(2 (m + 1))1/2 (2m2 + 2 m + 1)

+

(m-l)1/2

2 (2m + l)2

(m-l) 1 / 2 (l + (2(m + l))1/2)
+

4 log

(2i/ 2 m+(m + l)1/2)

which simplifies to give

G(m) = - log {1 + 2
which is the required result.

(2(m + l))1/2(2m2 + 2 m + l)
1/2

2(2m + l)2

'l '

]

Appendix B
Evaluation of the integral G(m)
denned by (5.38)2
It is clear from (5.38)2 that we need to evaluate the following two integrals,
ri (J-2)1/2 dn
m Jo (J + 2)(l + n2)1/2,
(B.l)
.1/2

U

=

i(J-2y/z(3J-2)n2
dn
(m 1]
- /o
(J + 2)2(l + n2f'2

where again I denotes (2/(m - 1))1/2 and J is defined by

J(n) = 2+—(
1W.
2V
yu
m(m-l)(l + n2)

(B.2)

In order to evaluate I\ we have from (B.2)
dr]

h = m 3 / 2 (m - I)1'2 f
-2-^—,
V
;
2
Jo (2m - l) + 4 m (m - 1) n2
118

(B.3)
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which simplifies to give
_l(2(2m)1/2
h =
—
-—
2 (2m - 1) tan
2m-1

(B.4)

N o w I2 can be expressed as
I2 = m 1 / 2 (m - 1) 3 / 2 [(4m 2 - 4 m + 3) I21 + 4 m (m - 1) J22

(B.5)

where the two subsidiary integrals are defined by
'21

=

rf dn
2'
Jo (2m - 1) + 4 m (m - 1) rf
/

(B.6)
I22

rf dn
Jo (2m — 1) + 4 m (m — 1) rf-\2-

On using partial fractions in order to evaluate I2\ and I22, we may deduc
dn
4m (m
(m 4m
— 1)
1) [Jo
[Jo (2m - l) + 4 m (m - 1) rf
1
drj
(2m - l)2 [l l2 f '
2
o
Jo (2m - ly +4m(m- 1) n

, .... . _i

Ir

2

(B.7)
(2m - l)4 dn
l
l
f
ldrj+
f
2
16m2 (m — 1)' Jo
Jo (2m- l) + 4 m ( m - l)rf

'22

f

2 (2m - l)2 dr]
(2m - l) 2 + 4 m (m - 1) r]2\ j

Jo
and to deduce an expression for these integrals we need to use the following results
/-

J a

dr]
+ brf<

b'
1/2^1 U '
(ab)

1/2

V
(B-8)
1/2

J (a(a + br]2)2

2a (a + bq2) + 2a (abf2 ^^

[[aJ

V
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From these results and simplifying equation (B.7) we have
2 l/2

I21

8 m (m - 1) 3/2

( 2 m + 1)2

2 (2m)1/2 \
tan"
2mi/2(2m-l)
I 2m - 1

'

(B.9)
Iii

=

32m2(m-l)5/2

21/2 (12m2 + 4 m + 3)
}
(2m + 1 ) 2

3 (2m - 1)
_, (2 (2m) 1/2 \ '
tan"
2mi 2m-1

and from equations (B.5) and (B.9) we can deduce
,1/2

_, (2 (2m)1/2'

(2mylz(m + l)
(m-1)
2
~ (2m + l)2 "2(2m-l)tan [ 2m - 1
f

(B.10)

Now from equations (5.38)2, (B.4) and (B.10) we have

G(m) =

a1/2\h-i2

(B.ll)

from which we mayfinallydeduce

G(m) = _„•/» ( M ^ + i) 1 tan- f ^ ! '
K

J

I

which is the required result.

2m + l 2

2

2m-1

(B.12)

Appendix C

Calculation for the resultant fo
S and moment M on the slanting
surface of the sector
The resultant force S acting in the conventional ^-direction and the moment on
the slanting surface of a circular cylindrical sector, which is subtended by an angle
0, are calculated as follows. If we introduce the Cauchy stress vector P and the
first Piola-Kirchoff stress vector tJR in the usual way we have respectively,

dS = (t1 cos9 - rt2sin9) da = (tRcos9-rt2Rsin9) dA, (C.l)

M = [BrdFe, (C.2)
JA

dFe = rt2da = rt2RdA, (C.3)
121
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where da and d A represent elementary deformed and undeformed areas. In particular for the resultant force S and the resultant moment M, dA is given by
dA = dRdZ. Now the slanting surface subtended by an angle Oo has normal vector

nR = (0, R, 0) and in terms of the Cauchy stress tensor t%3 and the first Piola-K
3
stress stensor tr>
we have
b
R

t3R = t%nRK =

KAiX^

nRK

(C.4)

and on using

e

-= -in0**

Se=

inT*

(C.5)

together with the expressions given in [22] for the Cauchy stress tensor, we m a y
obtain from (C.1)-(C3)
L rB

p(rsin9)R +

^-(rcos9)e dR,

(C6)

a JAA

M

L fB

- -I
A

a JA

-WR

+ ~^re& rdR.

(C.7)

Appendix D
MAPLE Programs

Program 1 - This program exploits equation (3.23) to determine /(0) for
material with response function (3.22) for the deformation
r = (aR2 + /(0))1/2, 9 = 0, z = Z/a

for a > 0. After some minor simplifications equation (3.24) can be easi

from the program. Note that partial derivatives are written in such a m

pR represents the partial derivative of p with respect to R, pO represe
derivative of p with respect to 0 and so forth.

%

> restart:
beta:=2*mu:
> r: = (alpha*IT2+f (Theta) ) ~ (1/2) ;

r:=sJaR2 + i(Q)
123
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> df:=diff(f(Theta),Theta):
df2:=diff(df,Theta):
> A:=f(Theta)',2+(l/4)*(df-2);

> dA:=diff(A,Theta):
> II:=(4*alpha)+(A/(r"2*R~2));

KQ? + j(^KQ))2
II :=4aH

=—
2

(aR + i(Q))R?
I
°/0 Equilibrium equations pR and pO as given by (3.23).
> pR:=((alpha*beta)/(II~(3/2)))*(((2*alpha*df2)/(r~2*R))+
(1/(r~4*R~3))*((1/2)*A*df2-(1/4)*dA*df)) :
> pO:=((alpha*beta)/(II"(3/2)))*(((4*alpha*df)/r"2)
+(l/(r~4*R~2))>KA*df-(l/2)*dA*i(Theta))+(dA/(r~2*R~2))):
%

% Equate the two expressions for the partial derivatives pR and pO.

7.
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% Determines the coefficients of the compatibility equation eq with
*/, respect to the variable R and equates them to zero. Equations

7, (3.24) can be obtained from cf l,cf2,. . . ,cf6 after some manipulat

> cf:=coeffs(eq,R,'tm'):tm;
> tm[l] ;
cfl:=simplify(cf [1]);

cfl := - i i(Q) % l 5 - 8 %1 f(Q)5 - \ %1 ( ^ f(Q))2 f(Q)3 + 2 f(Q)5 (^3 f(Q))
+ \ i(Q? (^ i(Q)) %12 - 8 %1 (^ f(Q)) f(Q)4 + 2 f(Q)3 %13

+ (^f(Q))f(Q)2%l3

%l:=£f(Q)
> tm[2] ;
cf2:=simplify(cf [2]);

R2

cf2 := 18 i(Qf a (-g~3 f(Q)) + a (^ f(Q)) f(Q) %1 3 + § f ( Q ) 2 « ( ^ W ) ) %
^

f(Q)) f(Q)3 - 8 % 1 a f(Q)4 + 2 f(Q)2 % 1 3 a - ± % 1 5 •

-y%la(^f(Q))2f(Q)^
%l:=Af(g)
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> tm[3] ;
cf3:=simplify(cf[3]);

R8

cfS := 384 i(Q) ( A f(Q)) a± + 9 6 f(Q) a4 (A_ f(Q))

> tm[4] ;
cf4:=simplify(cf [4]);

R 10
cf4 := 128 ( A

f(Q) ) Q 5 + 32a 5( ^ _f(Q))

> tm [5] ;
cf 5: =simplif y (cf [5] ) ;

R4

c/5:=-12%la2(^f(Q))2^^

d2

2r/ ^3

- 64 % 1 a 2 ( ^ i(Q)) f(Q)2 + 128 % 1 of/i(Q)

dQ

*1 :«£*«)
> tm[6] ;
cf6:=simplify(cf [6]);
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R6

Cf6:= 2

"* ( ^ f((5))% l 2 + 112 f ^ ) 2 ^ ^

f

(<?)) ~ 6 %1 « 3 ( ^ f(Q))2

r)2

+ 384 %1 a 3 f(Q)2 - 32 %1 a 3 (-£dQ< f(Q)) f(Q)
%l:=^f(Q)
7.
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Program 2 - This program exploits equation (3.26) to determine /(O) for
deformation
r = (aR2 + /(0))1/2, 9 = 0, z = Z/a

for a > 0 for the material with response function (3.7) with n = 2. Aft

minor simplifications equation (3.27) can be easily deduced from the pr

y#
> restart;
beta:=4*mu:
> r:=(alpha*R~2+f(Theta))"(1/2);

r:=y/aR? + i(Q)

> df:=diff(f(Theta),Theta):
df2:=diff(df,Theta):
> A:=f(Theta)"2+(l/4)*df"2;

A:^(Qf+ \(^m)f
>dA:=diff(A,Theta):
>II:=4*alpha+(A/(r~2*R~2));

KQ)2 + \(M^
II: /La+

-

(aR2 + i(Q))B'2

Appendix

y,
7. Equilibrium equations pR and pO as given by (3.26).
> pR:=((alpha*beta)/II)*((df2/(2*r~2*R))+(A/(r~4*R)))
-((alpha*beta*dA*df)/(2*r~4*R~3*II~2)):
> pO:=(beta/II)*(((alpha*df)/r"2)+(l/(2*R"2))*(((A*df)/r"4)-(dA/r"2)))
+((alpha*beta*dA*(2*alpha*R"2+f(Theta)))/(r~4*R"2*II~2)):

y§
7. Equate the two expressions for the partial derivatives pR and pO.

> pRQ:=diff(pR,Theta):
> pOR:=diff(pO,R):
> eq:=expand(numer(pRO-pOR)/(8*alpha*mu)):
%

7, Determines the coefficients of the compatibility equation eq with
7, respect to the variable R and equates them to zero. Equations

7, (3.27) can be obtained from cf l,cf2,. . . ,cf9 after some manipulat

> cf:=coeffs(eq,R,'l-cf'):
> l_cf [1];
cfl:-simplify(cf [1]);

Ru

Appendix
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c/i:=5136f(Q)4a4(^f(Q))-a4(A3f(Q))%l4-4a4%l5 + 2a4%l3%22
- 7872 f(Q)3 a4 %1 %2 + 32 a4 %13 f(g)2 + 16 a4 %13 %2 f(Q)
- 984 f(Q)2 a4 %1 %22 + 4800 f(Q)4 a4 %1

%2:=|,f(g)
> l_cf [2];
cf2:=simplify(cf[2]);

R 22

cf2 := 256 a8 ( ^ f(Q)) +1024a8 (^f(Q))

> l_cf [3];
cf3:=simplify(cf[3]);

R6

6 O/.o3

cfS := -4f(g)4 % 2 5 - 320 f(g)8 %2 + 16 f(g)8 C ^ j f(Q)) + 32 f(g)6 %2
+ 16 f(g)5 %23 %1 + 2 f(g)4 %23 %12 - 192 f(g)7 %2 %1

agJ

f

(Q)4 (^3 f(<5)) % 2 4 - 24 f(Q)6 %2 %r
_d_2

2
^ol:=^f(Q)

ag

*2:=£f(Q)
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> l_cf [4];
cf4:=simplify(cf[4]);

H 20
cf4 := 1536f(g)a7(^3f(g))+6144f(g)a7(^f(g))
> l_cf [5] ;
cf5:=simplify(cf[5]);

R 18

cf5 := 14336 f(g)2 a 6 ( A f(g)) _ 96 a6 ( A f(Q)) (&- f(g))2 + 3968f(g)2 a6 ( ^ f(Q
,2

-768a6(^f(g))(-^f(g))f(g)

> l_cf [6];
cf6:=simplify(cf[6]);

fl8

cf6 := 128 f(g)5 a % 2 3 - 16 f(g)3 a % 2 5 + 192 f(g)7 a (£i(Q)) - 192 f(g)5 a %2 %1 5
s
<9g
+ 64 f(g)4 a %23 %1 - 1536 f(g)6 a %2 %1 - 2304 f(g)7 a %2

-4f(g)3a(J^f(g))%24 + 8f(g)3«%23%l2

_a_2 f
% l : = o o 52 ( ^
ag
%2:=A f ( g)
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> l_cf[7];
cf7:-simplify(cf[7]);

R 16

c/7:=

-480f(Q) a* ( A f(g)) ( _g_f(g)) 2 _mQ

f(g)2

^ ( _ | f(Q)) ( *_f(g))

+ 5760 f(g)3 a5 (A. f(g)) + 15360 f(g)3 a5 (A f(g))
> l_cf [8];
cf8:-simplify(cf[8]);

R 12

3
5 J W6 i i a A ((r\\2
o^of/^4^.3^
c/8 := -5376 i(Qf
a %l + 64 f(g)2 a^,3o/.i3(v.o
%V %2 - 8448
f(g)4 a 3 %1 %2

- 1056 f(g)3 a 3 %1 % 2 2 + 8 i(Q) a 3 % 1 3 % 2 2 - 16 i(Q) a 3 % 1 5
5 3
3
4
+;|,f(g))-4f(g)a
128 f(g)3 a 3 % 1 3 +3(2880
g3 f(g) a (-£- f(Q)) - 4 f(Q) a ( A , f(Q)) % 1

> l_cf [9];
cf9:-simplify(cf [9]);

R10

:(Q)4 a2 % 2 3 + 12 f(g)2 a 2 % 2 3 % 1 2 - 24 f(g

i f(g)6 a2 %2 + 96 f(g)3 a2 %23 %1 - 624 f(g
d2

ag2 KQ)
d

7.
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Program 3 - The program determines whether or not there exist further s

strain-energy functions for which exact solutions /(0) may be determine

equilibrium equations (3.14). A general equation (7.13) involving two in

variables 0 and £ for which all possible solutions /(0) for the deforma

r = (aR2 + /(O))1/2, 9 = 0, z = Z/a

is deduced after some minor simplifications to the output of this progr

yo
> restart;
r:-sqrt(alpha*R~2+f(Theta));

r := y/a R2 + i(Q)

> df:-diff(f(Theta),Theta):
df2:=diff(df,Theta):
> A:=f(Theta)"2 + (l/4)*df"2;
dA:=diff(A,Theta):

> interface(showassumed=0):
assume(alpha,constant):
dphi:=D(phi(xi(R,Theta)))(xi(R,Theta)):
dphi2:=D(dphi)(xi(R,Theta)):

Appendix

> chi: =phi (xi (R, Theta)) +2* (4*alpha+xi (R, Theta))
*D(phi(xi(R,Theta)))(xi(R,Theta));
dchi:=D(chi)(xi(R,Theta)):
dchi2:=D(dchi)(xi(R,Theta)):

X := </>(£(#, Q))+2(4a + Z(R, Q))D(0(£(fl, Q)))(^(R, Q))
> dxi_Theta:=(diff(xi(R,Theta),Theta)):
dxi_R:=simplify(diff(xi(R,Theta),R)):
> II:=2*alpha+xi(R,Theta);
dII_Theta:=diff(II,Theta):
dII_R:=simplify(diff(II,R)):

II:=2a + ((R, Q)

yt
7. Equilibrium equations pR and pO as given by (3.14).

7,
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7. Equate the two expressions for the partial derivatives pR and pO.

> p_RTheta:=diff(p_R,Theta):
> p_ThetaR:=diff(p_Theta,R):
% _

'/, Determines the coefficients of the compatibility equation
7. comp_eqn2 with respect to the variables phi_xi and its
7. derivatives. Equation (7.13) can be obtained from cf_l, cf_2 and
7. cf_3 after some manipulation.

> comp_eqn:=(factor(numer(p_RTheta-p_ThetaR))):

comp.eqnl: =subs (' m' (D, 2) (phi (xi (R,Theta))) (xi (R, Theta)) =D2ph

D(phi)(xi(R,Theta) )=Dphi_xi,D(phi(xi(R,Theta) ))(xi(R,Theta) )=Dphi_xi,
phi (xi (R, Theta) )=phi_xi, comp.eqn) :
comp_eqn2:=eval(subs(xi(R,Theta) =A/(r~2*R~2) ,comp_eqnl)):

> cf:=coeffs(comp_eqn2,{Dphi_xi, D2phi_xi, phi.xi},'tm'):tm:
> tm[l] ;
cf_1:-collect(factor(simplify((cf[1]))),alpha) ;

D2phi-xi

cfJ

._ I(((128 R4 %2 f(g)3 + 256 R4 f(g)4 - 16 RA %14 + 64 R4 f(Q)2 ^

Appendix
)4(Wi2a/n2

+ 4 i?4 %1< %2Z + 64 R4 %2 i(Q) %l2)a2 + (128 R2 %2 f(Q)4
+ 64 R2 %12 %2 f(g)2 - 16 R2 %14 f(Q) + 64 R2 f(g)3 %12 +

256

i?2 f(g)5

+ 4 R2 %12 %22 i(Q))a - %16 + 16 %12f(g)4 + 16 %12 %2 f(g)3 - 4 %14 f(g)2
+ 32 %2 f(g)5 + 2 %14 %2 i(Q) + 64f(g)6)%l)/(#4 (a i?2 + f(Q)))

%i:=^f(g)

%2:=A_f(g)
> tm [2] ;
cf_2: =collect (factor(simplify((cf [2])) ) , alpha);

Dphijxi

1 (128 R4 %2 f(Q) + 4 %1 (^3 f(g)) RA + 256 f(g)2 R4 + 12 R4 %22) %1 a2
cf-2 :=
2
R?
2
2
3 2
1 (128 %2 R i(Q) + 256 f(g) R + 12 % 2 2 f(Q) R2 + 4 %1 (^ f(Q)) f(Q) #2) %
+

+

2
ft2
1 (80 f(g)4 + 40 %2 f(g)3 - 5 % 1 4 + 10 %2 i(Q) %12) %1
2
. R2

%2:=|,f(C?)
> tm[3] ;
cf_3:-collect(factor(simplify((cf[3]))),alpha);

phi-xi

cf_3 := 2 R2 (2 R4 %2 + 8 %1 R4) a3
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+ (2 i(Q) (2 R4 %2 + 8 %1 R4) + 2R2 (2 R2 %2 f(Q) + 8 %1 f (Q) #2)) a
+ (2 i(Q) (2 R2 %2 f(Q) + 8 %1 f(Q) #2)

A

+ 2 i?2 (2 ( A , f(Q)) %1 f(g) - % 1 3 + 4f(g)2 %l))a
dQ2
+ 2 f(g) (2 (A, i(Q)) %1 i(Q) - %16 + 4f(g)2 %1)

%i-^f(g)

%2:=A_f(Q)
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